
Courses of the PhD School in Mathematics, a.y. 2015/16

1. Algebra and mathematical logic

1.1 Title: Advanced Homological Algebra (LM Matematica Verona)
- Lecturer: L. Angeleri
- Program: the first result we discuss states that the category of representa-

tions of the Kronecker algebra is derived equivalent to the category of coherent
sheaves over the projective line. We then study the construction of exact model
structures together with the connections to cotorsion pairs and approximation
theory. We discuss several applications, including the construction of monoidal
model structures for the derived category of quasi-coherent sheaves of mod-
ules over a scheme. This part of the course is based on the following paper
Jan Stovicek, Exact model categories, approximation theory, and cohomol-
ogy of quasi-coherent sheaves, in Advances in Representation Theory of Alge-
bras (ICRA Bielefeld, Germany, 8-17 August, 2012), EMS Series of Congress
Reports, European Mathematical Society Publishing House, doi:10.4171/125-
1/10. [arXiv:1301.5206] (see a detailed calendar at: http://profs.sci.univr.it/
angeleri/Details).
In January 2016, the reading course is complemented by a lecture series on

Discrete Derived Categories, delivered by David Pauksztello, University of Manch-
ester, to be held on Tuesday, January 19 and 26, 13:30 - 15:30 , Sala Riunioni II
floor Wednesday, 20 and 27, 15:30 - 17:30, Aula G Thursday, January 21 and 28,
10:30 - 12:30, Aula G

- Period: Held in Verona, November 4, 2015- January 31, 2016,30 hours

1.2 Title: Methods from Logic in Representation Theory
- Modulo A: Set theoretic methods in module theory
- Lecturer: Jan Trlifaj (Charles University, Prague)
- Program: 1. Filtrations, approximations, and deconstructibility. Eklof and

Hill Lemmas. 2. Direct limits, the small object argument and its applications.
Inverse limits, boundaries for the dual theory. 3. The regular cardinal case - use
of diamond principles. Uniformization and independence of deconstructibility.
4. The singular cardinal case, Shelahs Singular Compactness Theorem. 5.
Tree modules and their applications to Mittag-Leffler conditions and to the
Auslander problem.
References: [1] L. Angeleri Hügel, J. Saroch, J. Trlifaj, Approximations and

Mittag-Leffler condi- tions, preprint (2014). [2] P. C. Eklof, Shelahs singular com-
pactness theorem, Publ. Math. 52(2008), 318. [3] P. C. Eklof and A. H. Mekler,
Almost Free Modules, rev. ed., North-Holland Math. Library, Elsevier, Amsterdam
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2002. [4] R. Göbel and J. Trlifaj, Approximations and Endomorphism Algebras of
Modules, 2nd rev. ext. ed., W. de Gruyter, GEM 41, Berlin 2012. [5] J. Saroch,
On the non-existence of right almost split maps, preprint, arXiv: 1504.01631v3. [6]
A.Slàvik, J.Trlifaj, Approximations and locally free modules, Bull. London Math.
Soc. 46(2014), 76-90.

- Period: Held in Verona, February, 1- April, 30 2016, 16 hours per two weeks.

- Modulo B: Model Theoretic and Functor Theoretic Methods in Rep-
resentation Theory

- Lecturer: Mike Prest (University of Manchester)
- Program: The use of functor categories in the representation theory of finite-

dimensional algebras is long-established and has been very successful. More
recently, the use of concepts, results and techniques from the model theory
of modules has become more common and has been used to prove a number
of results. In fact the two sets of techniques, functor-theoretic and model-
theoretic, are very closely linked. This course of lectures will be an introduction
to these sets of techniques and will explain some of the links between them.
1. Pp formulas and finitely presented modules: Pp formulas are pro-

jected systems of linear equations, their solution sets are the key definable sets in
the model theory of modules. The lattice of pp formulas is essentially the lattice of
pointed finitely presented modules. 2. The functor category: Functor categories
generalise, but are not essentially different from, module cat- egories. Every pp
formula defines a finitely presented functor on finitely presented modules, indeed,
these are the finitely generated subfunctors of the forgetful functor. More generally,
there is an equivalence between the category of pp-pairs and the category of finitely
presented functors. 3. The tensor embedding and purity: There is a full em-
bedding of modules into a functor category. This induces the pure-exact structure
on the category of modules and, at the same time, brings modules and the duals
of the functors on them together in a single category. 4. The Ziegler spectrum
and definable categories: The pure-injective modules are those which become
injective in the functor cat- egory; they are also those which are algebraically com-
pact. The indecomposable pure-injectives play a key role, algebraically and model-
theoretically; they form the points of a topological space - the Ziegler spectrum
- whose closed sets generate the definable subcategories of modules. 5. Duality:
There is a duality which runs through this whole picture, manifesting itself at ev-
ery level, from pp formulas, through modules and functors, to definable subcate-
gories. It is a key technical and conceptual tool. 6. Localisation: Restriction to
a definable subcategory is equivalent to localisation in the functor category. This
is methodologically useful and also gives rise to various measures of complexity of
module (and, more generally, definable) categories. 7. Perspectives: A broad look
at what is known and at current open questions and areas of exploration.

- Period: Hedl in Verona, February, 1- April, 30 2016, 16 hours per two weeks.
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1.3 Title: Some algebraic aspects of LFSRs and ECC, with connections
to Number Theory

- Lecturer: Michele Elia (Politecnico Torino)

- Program: Lectures 1-10-FSRs and Matrices Some algebraic aspects of the
theory of LFSRs: 1. A mathematical description of LFSR evolution 2. On
LFSRs and finite field arithmetic. 3. Companion and tridiagonal matrices. 4.
Noteworthy examples. 5. Complexity of the LFSR implementation, HW versus
SW. 6. Continued fractions, irreducible polynomials and tridiagonal matrices.
7. Further examples and open problems. Lectures 11-20-Elliptic Curves
and Quadratic Forms Some connections between classical number theory
and elliptic curves: 1. The representation problem and the integer factoring
problem. 2. Binary quadratic forms and elliptic curves. 3. EC over finite fields:
elementary properties.. 4. Composition of binary quadratic forms and related
structure. 5. Representation of primes and their complexity. 6. Noteworthy
examples: p = x2 + y2 and p = x2 + 3y2. 7. Jacobsthal sums and their
relation with elliptic curves and quadratic forms. 8. Further examples. 9. The
representation problem of primes, class fields, and their connection with elliptic
curves via j-invariants. Lectures 21-30-Elliptic Curve Cryptography Public
key cryptography based on the hardness of problems related to elliptic curves:
1. Public key cryptography: messaging and electronic signature 2. The group
structure of the rational points of an elliptic curve over a finite field 3. The
discrete logarithm problem. Diffie-Hellman and El Gamal schemes 4. ECDSA
5. Integer Factoring algorithms based on elliptic curves. 6. Weil pairings. 7.
Further Examples.

- Period: February, 1- March, 18 2016, 30 hours

1.4 Title: Groebner Bases applied to Cryptography and Coding Theory

- Lecturer: : M. Sala

- Assistant Lecturers: Dr. M. Ceria and Dr. M. Piva (UNITN), Dr. E. Bellini
(Telsy)

- Program: Groebner Bases for 0-dimensional ideals: 1. An introduc-
tion to 0-dimensional ideals and to Groebner Bases. 2. Multivariate polyno-
mial interpolation and factorization results: Theorems by Buchberger-Moeller,
Gianni-Kalkbrener, Macaulay, Cerlienco-Mureddu, Marinari-Mora. 3.Moeller
Lifting Theorem. Applications to Boolean functions for Cryptography:
1. The role of Boolean functions in Cryptography. 2. Algorithms to compute
their nonlinearity with comparison: the Walsh Transform approach, Simonettis
algorithm and its improvement by Bellini. Applications to Coding Theory:
1. An introduction to the Coding problem. 2. A link between Groebner Bases
and Coding Theory: the Newton identities and related polynomial results. 3.
Cyclic codes and locator theory: the classical approach and recent results by
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Orsini, Piva and others. 4.Nonlinear codes and their distance computation:
Orsini-Guerrinis algorithm vs Bellini’s algorithm.

- Period: February, 1- March, 18 2016, 30 hours

2. Geometry

- Title: Geometria algebrica 2: Rational Homogeneous Varieties (LM
Matematica Trento)

- Lecturer: L. E. Solá Conde

- Program: Within the framework of Complex Algebraic Geometry, the class of
rational homogeneous spaces contains some of the most important varieties in
the general theory, including projective spaces, Grassmannians, and quadrics.
Their geometric properties are determined by the existence of certain semisim-
ple linear algebraic groups acting transitively on them, and this fact turns
the Representation Theory of these type of groups into a fundamental tool to
study and classify the class of rational homogeneous spaces. In this course we
will begin by introduce the basic concepts of algebraic geometry (affine and
projective varieties, morphisms, etc), presenting projective spaces, quadric and
Grassmannians under a clasic point of view. Then we will focus on the study
and classification of semisimple groups, and their parabolic subgroups, and we
will finish by studying geometric properties of the rational homogeneous spaces,
particularly line bundles and their cohomology.

Tentative description of the contents of the course: 1.Affine and projec-
tive varieties.2. Projective spaces, smooth quadrics and Grassmannians. 3. Linear
algebraic groups. Lie algebras. Examples. 4. Abelian and solvable subgroups.
Borel subgroups. 5. Reductive and semisimple groups. 6. Root systems and Weyl
groups. Classification of semisimple groups. 7. Parabolic subgroups and their Levi
decompositions. Homogeneous spaces. 8. Line bundles. Homogeneous line bundles.
Weights. 9. The Borel-Weyl-Bott Theorem.

References: 1. W. Fulton, J. Harris: Representation Theory, A First Course,
Graduate Texts in Mathematics 129, Springer-Verlag, Berlin, NewYork (1991).2.
G. Malle, D. Testerman: Linear Algebraic Groups and Finite Groups of Lie Type,
Cambridge studies in mathematics, 133, Cambridge (2011). 3. J.E. Humphreys:
Linear algebraic groups. Graduate Texts in Mathematics 21. Springer-Verlag, New
York-Heidelberg (1975). 4. J.E. Humphreys: Introduction to Lie algebras and
representation theory, Graduate Texts in Mathematics, 9, Springer-Verlag, New
York (1978). 5. J. Harris: Algebraic geometry: a first course, Springer, New York,
1992. 6. R. Hartshorne: Algebraic geometry, Graduate Text in Mathematics 77,
Springer, New York (1977). 7. A. Kirillov Jr: An Introduction to Lie Groups
and Lie Algebras, Cambridge studies in mathematics, 113, Cambridge (2008). 8.
T.A. Springer: Linear algebraic groups. Progress in Mathematics 9. Birkh?auser,
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Boston, Mass. (1981). 9. E. Arrondo: Subvarieties of Grassmannians, Lecture Note
Series Dipartimento di Matematica Univ. Trento 10, Trento (1996).

- Period: February, 15–May, 27, 2016, 30 hours

3. Mathematical analysis

3.1 Title: Partial Differential Equations (LM Matematica Trento)

- Lecturer: A. Visintin

- Program: The modern theory of PDEs is based on the use of function spaces,
in particular Sobolev spaces, and thus rests upon functional analysis and weak
derivatives. This course will review the classical theory of PDEs, introduce
Sobolev spaces, and outline the weak formulation of boundary- and initial-
value problems.

Prerequisites (in parenthesis the corresponding courses in Trento): Differential
and Integral Calculus, with Fourier series and ODEs (Analisi I, II e III). Measure
theory and Lebesgue integration (Analisi III). Linear algebra (Geometria I).General
topology (Geometria II). Elementary notions of PDEs (Fisica-Matematica). Banach
and Hilbert spaces, functional spaces, linear and continuous operators (Analisi Fun-
zionale). Schwartz distributions (Fourier Analysis, at the first semester).

Review of the elementary theory of PDEs: Some results for ODEs. Basic
linear first- and second-order equations: Laplace, heat and wave equations. Main
boundary- and initial-value problems for linear PDEs. Resolution of PDEs via
variable separation and Fourier series.

Main contents: Characteristics. Classification of PDEs. Theorem of Cauchy-
Kovalevskaya. Integration of quasilinear first-order PDEs. Conservation laws. Re-
view of distribution theory. Sobolev spaces. Traces. Weak formulation of boundary-
and initial-value problems for second-order PDEs. Elliptic, parabolic and hyper-
bolic equations. Maximum principles.

Exercises: The formulation of examples and the solution of problems are an
important part of the study of PDEs. Several exercises will be provided and solved
during the lessons.

Texts: M. Renardy, R. Rogers: An introduction to partial differential equa-
tions. Springer-Verlag, New York, 2004 (available at the University Library in
Povo). Teacher’s lecture notes (partly already available on the web).

Complementary texts: 1. Yu.V. Egorov, M.A. Shubin: Foundations of the
classical theory of partial differential equations. Springer , Berlin 1992 2. L.C.
Evans: Partial differential equations. American Mathematical Society, Providence,
RI, 1998 3. S. Salsa: Equazioni a derivate parziali: metodi, modelli e applicazioni.
Springer Italia, Milano 2003 4. S. Salsa et al.: A primer on PDEs. Springer Italia,
Milano 2013. (This is a modified English translation of the above text of Salsa; it
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also includes the correction of several exercises.) 5. S. Salsa, G. Verzini: Equazioni
a derivate parziali: complementi ed esercizi. Springer Italia, Milano 2005

- Period: February, 15–May, 27, 2016, 30 hours

3.2 Title: Optimal Transport and Applications
- Lecturer: F. Santambrogio (Univeristé Paris-Sud)
- Program: 1. Monge and Kantorovich problems, existence of optimal plans. 2.

Duality, Kantorovich potentials, cyclical monotonicity. 3. Existence of optimal
maps and the Monge-Ampre equation. Analysis of the 1D case. 4. Discrete and
semi-discrete numerical methods. 5. Optimal flow formulation of the optimal
transport problem. Traffic congestion variants.
6. Wasserstein distances and Wasserstein spaces. 7. Curves in the Wasserstein

spaces, geodesics, and connections with the continuity equation. 8. The Benamou-
Brenier method for numerical computations. 9. Heat and Fokker-Planck equations
as gradient flows in the Wasserstein space. 10. Chemotaxis, crowd motion and
other population dynamics PDEs as gradient flows.

For students validating the examination, some exercises will be given as home-
work, and some extra topics will be proposed at the end of the first week, and pre-
sented under the form of a short seminar during the second week. The possible topics
include applications to economics (stable marriages, monopolist market...), appli-
cations to functional inequalities (isoperimetric, Sobolev, Gagliardo-Nirenberg...),
branched transportation, numerical resolution of the Monge-Ampre equation.

- Period: one week in March 2016 in Trento (10 hours) and one in April 30
2016 (10 hours) in Verona; moreover five introductory 2 hours- lessons on some
prerequisites held in February 2016 by G. Orlandi or F. Serra Cassano .

3.3 Title: Introductions to Mean Field Games and to Hybrid Stochastic
Systems (course part of a collaboration between the Department of Math-
ematics and the Department of Industrial Engineering of the University of
Trento)

- First part: Introduction to Mean Field Games
- Lecturer: F. Bagagiolo
- Program: The expression Mean Field Game stays to represent an optimal

control-like situation with a large number of players, possibly infinitely many
ones or even a continuum of players. Each single player directly acts on its
own evolution in order to optimize a criterium (e. g. to minimize a cost) which
depends on its own state and on the states of all other players (e. g. via the
mean of all players states: the mean field, indeed). This kind of situation is
quite common in the applications/motivations: from the pedestrian dynamics
in a crowded environment to the opinion dynamics in a social network; from
the management of an electrical power grid with many customers to the goods
production in a market with many producers. The mathematical studies of such

6



a problem are quite recent. Usually, in this setting, the dynamics of the players
are modelled by a controlled ordinary differential equation with a stochastic
perturbation. The idea is that the optimal behaviour of all players should
consist of those trajectories such that, if implemented, the players population
moves in a way such that those trajectories themselves become optimal for
every single player (recall that the criterium to be optimized also depends on
the evolution of the whole population). This can be seen as an adaptation
of the concept of Nash equilibrium. We then get a system of two coupled
evolutive second order partial differential equations: namely a Kolmogorov-
Fokker-Planck (KFP) equation for the evolution of the probability density of
the population and a Hamilton-Jacobi (HJ) type equation for the optimum (the
value function). If the dynamics of the players are not stochastically perturbed,
then those equations are first order partial differential equations. We will briefly
introduce the optimal control and game theories. We will recall some facts on
partial differential equations. For some particular cases, we will show how to
obtain the final KFP-HJ systems as description of the limit of Nash equilibria
when the number of players goes to infinity, and we will mathematically study
such systems. Finally we will give several examples. A possible extension to a
Hybrid Mean Field Games will be presented: that is a mean field game with
two different players populations changing in time (let us think for example to
a population of electrical devices connected by a power grid: the two different
populations are the devices turned ON and the devices turned OFF, which, of
course, are changing in time).

- Period: Late winter/early spring 2016, 20 hours

- Second part: Introduction to stochastic hybrid systems

- Lecturer: A. Teel (Center for Control, Dynamical-Systems, and Computation,
University of California, Santa Barbara, USA)

- Program: We describe a modeling framework that permits the interaction of
jumps and flows, as well as stochastic and adversarial effects in dynamical sys-
tems. Due to various sources of non-uniqueness, we call these systems ”stochas-
tic hybrid inclusions”. This feature is in contrast to the uniqueness of solutions
that is a part of most existing results for stochastic hybrid systems. We give
examples of systems that fit into the inclusion framework, describe what is
meant by a solution to these systems, and illustrate Lyapunov-based sufficient
conditions for various notions of stochastic stability. To pave the way, we first
briefly review existing frameworks for stochastic hybrid systems and recent
results for non-stochastic hybrid inclusions.

- Period: Late spring 2016, 15 hours

4. Probability, statistics and mathematical methods for economy
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4.1 Title: Stochastic Partial Differential Equations (LM Matematica Trento)

- Lecturer: S. Bonaccorsi

- Program: 1. Gaussian measures in infinite dimensional spaces. 2. Brownian
motion, stochastic integral. 3. Ito formula 4. Soluzions of stochastic differential
equations with additive and multiplicative noise. 5. Applications and examples.

- Period: February, 15–May, 27, 2016, 30 hours.

4.2 Title: 19th Internet Seminar:Infinite Dimensional Analysis (webpage:
http://dmi.unife.it/it/ricerca-dmi/seminari/isem19)

- (Virtual) Lecturers: A. Lunardi (Università di Parma), M. Miranda jr. (Uni-
versità di Ferrara), D. Pallara (Università del Salento, Lecce)

- Lecturer in Trento: Sonia Mazzucchi

- Program: 1. Short introduction to measure theory; Gaussian measures and
their properties. 2. First properties of infinite dimensional Gaussian mea-
sures in Banach and Hilbert spaces; Fernique Theorem, reproducing kernel
and Cameron-Martin space. 3. Zero-one laws and characterisation of the el-
ements of the reproducing kernel. 4. The space of Brownian motion and the
characterisation of the reproducing kernel and of the Cameron-Martin space
in the classical Wiener space. 5. Integration by parts formulae, gradient and
divergence, Sobolev functions on abstract Wiener spaces; definitions and ba-
sic properties. 6. Short introduction to the semigroup theory; definition of
the Ornstein Uhlenbeck semigroup and operator and characterisation of its
domain. Hermite polynomials, the Wiener Chaos Decomposition. 7.Poincaré
and Log-Sobolev inequalities and spectral properties of the Ornstein-Uhlenbeck
operator.

- Period: October 1, 2015 1-June 4, 2016

5. Mathematical physics

- Title: Foundations of Quantum Information and Quantum Cryptog-
raphy

- Lecturer: D. Pastorello (post-doc Università di Trento)

- Program: The first part of the course will be devoted to a discussion about
mathematical aspects of general quantum theories in order to introduce basic
principles of quantum mechanics and the required formalism. In particular
relevant topics will be: quantum systems described in finite-dimensional Hilbert
spaces, composite quantum systems, quantum entanglement. Then foundations
of quantum mechanics are reconsidered in a information theoretical context
introducing concepts like quantum channels, quantum control, operations on
qubits, no-cloning theorem, teleportation. The final part of the course will focus
on quantum cryptography as a practical application of quantum information
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theory. Basic notions of quantum key distribution (QKD) will be described,
some QKD-protocols and their physical realization will be illustrated.
Prerequisites: linear algebra, groups and representation theory, Lie groups and

Lie algebras, basics of functional analysis and operator algebras.
- Period: February, 1–April 30, 2016, 30 hours

6. Numerical analysis

6.1 Title: Numerical methods for PDE (LM Matematica Trento)
- Lecturer: A. Alonso
- Program: Analysis of numerical methods for the approximate solution of par-

tial differential equations is the aim of this course. The methods studied will
be implemented in laboratory using Matlab and FreeFem.
1. Elliptic partial differential equations. Variational form of boundary value

problems. Lax-Milgram lemma and its consequences. Galerkin methods. The finite
element method.

2. Integral equations and the boundary element method for elliptic problems.
Fundamental solution of the Laplace operator. Green formulae. Integral equation
for the Dirichlet and Neumann boundary data.

3. Mixed formulation of second order linear elliptic equations, and the Stokes
problem. Ladyzhenskaya-Babuska-Brezzi condition. Mixed finite element methods.

4. Parabolic problems. Initial boundary value problems and weak formulation.
Semidiscrete approximation. Time advancing by finite differences.

Prerequisites: Numerical analysis, mathematical analysis.
- Period: February, 15–May, 27, 2016, 30 hours.

6.2 Title: Hyperbolic equations and Applications
- Lecturers: E. Toro, M. Dumbser
- Program:

1. Theoretical aspects of hyperbolic conservation laws. Review of basic numer-
ical concepts for hyperbolic equations. Finite volume methods for one-dimensional
systems. Godunov’s method. The Riemann problem for linear systems. The Rie-
mann problem for the shallow water equations. Approximate Riemann solvers.
Godunov-type finite volume methods for non-linear systems. Centred numeri-
cal fluxes. Construction of higher order non-oscillatory methods via non- linear
schemes: TVD, ENO and WENO reconstruction procedures. Discontinu- ous
Galerkin Finite Element methods for one-dimensional problems. Robust and ac-
curate discretization of source terms: stiff and non-stiff cases. The well- balanced
property and numerical methods for non-conservative hyperbolic sys- tems. Exten-
sion to multiple space dimensions.

2. The second week is dedicated to the extension of the methods introduced in
the first week to complex geometries using unstructured triangular meshes in two
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space dimensions and using mesh-free approaches. Mesh-based algorithms: Un-
structured meshes for two-dimensional geometries. High-order reconstruction on
unstructured meshes in multiple space dimen- sions. High Order Finite volume and
discontinuous Galerkin finite element methods on unstructured meshes. Applica-
tions to the shallow water equations and the Euler equations of compressible gas
dynamics. Mesh-free algorithms: Introduction to particle methods. Guidelines for
imple- mentation of smooth particle hydrodynamics (SPH) based on the Riemann
solvers introduced in the first week. High Performance Computing: Paralleliza-
tion of the above-mentioned methods using the MPI (Message Passing Interface)
standard. At the end of the second week, the course is rounded-off by advanced
semi- nar-style lectures with outlooks on the following topics: extension to 3D tetra-
hedral meshes, compressible multi-phase flows, electromagnetic, acoustic and seis-
mic wave propagation.

- Period: February, 1–February, 12, 2016

7. Operational research/Computer science
7.1 Title : Operations Research: mathematical algorithms for the deci-

sions
- Lecturer: Romeo Rizzi
- Program:This course is meant as a show-window of current lines of algorith-

mic research in discrete and applied mathematics. The aim is to present and
propose recent lines of research on the crossroad between graph theory, algo-
rithms, discrete mathematics, management of temporal constraints, combina-
torial games, planning under uncertainty.

- Period: January, 25–February, 12, 2016, 30 hours

7.2 Title : Modelling and Simulation of Biological Systems (LM Matematica
Trento)

- Lecturer: C. Priami
- Program: After a general description of systems and models with the main

properties they have, we will survey the main modeling technologies available
in biological domains. We will then concentrate on language based approaches
by exploiting them to attack some significative case studies. The next step will
be to survey the main stochastic simulation algorithms and tools and how they
fit with language-based modeling techniques.
Prerequisites: basic of programming and interest in biological systems.

- Period: February, 15–May, 27, 2016, 30 hours
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