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Radiation forces

•Optical tweezers
•Optical lattices

Trapping and cooling

...but usually no back-action from motion onto light!



Optomechanics on different 
length scales
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Optomechanical Hamiltonian

...any dielectric moving inside a cavity 
generates an optomechanical interaction!
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FIG. 1: Overview of the accelerometer design. a, Canonical example of an accelerometer. When the device (blue frame) experiences a
constant acceleration a, a test mass m undergoes a displacement of x = ma/k. b, Frequency response |�(⇧)| of an accelerometer on a log-log
plot featuring a resonance at fm =

�
k/m/2⌅ with Qm = 10. c, False-colored SEM-image of a typical optomechanical accelerometer. A test

mass of size 150 µm⇥60 µm⇥400 nm (green) is suspended on highly stressed 150 nm wide and 560 µm long SiN nano-tethers, which allow
for high oscillator frequencies (> 27 kHz) and high mechanical Q-factors (> 106). On the upper edge of the test mass, we implement a zipper
photonic crystal nanocavity (pink). The cross-shaped cuts on the test mass facilitate undercutting the device. d, Zoom-in of the optical cavity
region showing the magnitude of the electric field |E(r)| for the fundamental bonded mode of the zipper cavity. The top beam is mechanically
anchored to the bulk SiN and the bottom beam is attached to the test mass. e, Schematic displacement profile (not to scale) of the fundamental
in-plane mechanical mode used for acceleration sensing. f, SEM-image of an array of devices with different test mass sizes.

(1�2⇥106), and strong thermo-optomechanical back-action
to damp and cool the thermal motion of the test mass.

Figure 1c shows a scanning-electron microscope image
of the device studied here, with the test mass structure and
nano-tethers highlighted in green. The fundamental in-plane
mechanical mode of this structure is depicted in Fig. 1e
and is measured to have a frequency of fm = 27.5 kHz, in
good agreement with finite-element-method simulations from
which we also extract a motional mass of m = 10⇥10�12 kg.
The measured mechanical Q-factor is Qm = 1.4⇥106 in vac-
uum (see appendix G), which results in an estimated ath =
1.4 µg/

⌥
Hz. The region highlighted in pink corresponds to

the zipper optical cavity used for monitoring test mass mo-
tion, a zoom-in of which can be seen in Figure 1d. The cav-
ity consists of two patterned photonic crystal nanobeams, one
attached to the test mass (bottom) and one anchored to the
bulk (top). The device in Fig. 1c is designed to operate in
the telecom band, with a measured optical mode resonance at
⇥o = 1537 nm and an optical Q-factor of Qo = 9,500. With
the optical cavity field being largely confined to the slot be-
tween the nanobeams, the optical resonance frequency is sen-
sitively coupled to relative motion of the nanobeams in the
plane of the device (the x̂-direction in Fig. 1c). A displace-
ment of the test mass caused by an in-plane acceleration of the
supporting microchip can then be read-out optically using the
setup shown in Fig. 2a, where the optical transmission through
the photonic crystal cavity is monitored via an evanescently-
coupled fiber taper waveguide [25] anchored to the rigid side
of the cavity. Utilizing a narrow bandwidth (< 300 kHz) laser
source, with laser frequency detuned to the red side of the cav-
ity resonance, fluctuations of the resonance frequency due to
motion of the test mass are translated linearly into amplitude-
fluctuations of the transmitted laser light field (see inset in

Fig. 2a and appendix E). A balanced detection scheme allows
for efficient rejection of laser amplitude noise, yielding shot-
noise limited detection for frequencies above ⌅ 1 kHz.

Figure 2b shows the electronic power spectral density
(PSD) of the optically transduced signal obtained from the
device in Fig. 1c. The cavity was driven with an incident
laser power of Pin = 116 µW, yielding an intracavity photon-
number of ⇧ 430. The two peaks around 27.5 kHz arise from
thermal Brownian motion of the fundamental in- and out-
of-plane mechanical eigenmodes of the suspended test mass.
The transduced signal level of the fundamental in-plane reso-
nance, the mode used for acceleration sensing, is consistent
with an optomechanical coupling constant of gOM = 2⌅ ⇥
5.5 GHz/nm, where gOM ⇤ ⌃⇧o/⌃x is defined as the optical
cavity frequency shift per unit displacement. The dotted green
line depicts the theoretical thermal noise background of this
mode. The series of sharp features between zero frequency
(DC) and 15 kHz are due to mechanical resonances of the an-
chored fiber-taper. The noise background level of Fig. 2b is
dominated by photon shot-noise, an estimate of which is indi-
cated by the red dotted line. The cyan dotted line in Fig. 2b
corresponds to the electronic photodetector noise, and the pur-
ple dashed line represents the sum of all noise terms. The
broad noise at lower frequencies arises from fiber taper mo-
tion and acoustic pick-up from the environment. The right-
hand axis in Fig. 2b quantifies the optically transduced PSD
in units of an equivalent transduced displacement amplitude
of the fundamental in-plane mode of the test mass, showing a
measured shot-noise-dominated displacement imprecision of
4 fm/

⌥
Hz (the estimated on-resonance quantum-back-action

displacement noise is 23 fm/
⌥

Hz, and the corresponding on-
resonance SQL is 2.8 fm/

⌥
Hz; see appendix I 4).

At this optical power the observed linewidth of the mechan-

Optomechanics: general outlook

Fundamental tests of quantum 
mechanics in a new regime:
entanglement with ‘macroscopic’ objects, 
unconventional decoherence?
[e.g.: gravitationally induced?] 

Precision measurements 
small displacements, masses, forces, and 
accelerations 

Optomechanical circuits & arrays
Exploit nonlinearities for classical and 
quantum information processing, storage, 
and amplification; study collective
dynamics in arrays

Mechanics as a ‘bus’ for connecting 
hybrid components: superconducting 
qubits, spins, photons, cold atoms, ....

Tang lab (Yale)

Painter lab



Towards the quantum regime of 
mechanical motion

Schwab and Roukes, Physics Today 2005

• nano-electro-mechanical systems

• optomechanical systems

Superconducting qubit coupled to nanoresonator: Cleland & Martinis 2010



Laser-cooling towards the ground state

FM et al., PRL 93, 093902 (2007)
Wilson-Rae et al., PRL 99, 093901 (2007)

analogy to (cavity-assisted) 
laser cooling of atoms
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Equations of motion

input laser optical
cavity

cantilever

mechanical
frequency

equilibrium
position

mechanical
damping

detuning
from resonance

cavity
decay rate

laser
amplitude

radiation
pressure



Linearized optomechanics

(solve for arbitrary            )

Effective 
optomechanical 
damping rate

Optomechanical 
frequency shift
(“optical spring”)



Linearized dynamics

Effective 
optomechanical 

damping rate
Optomechanical 
frequency shift

(“optical spring”)

cooling heating/
amplification

softer stiffer

laser
detuning



Optomechanical Hamiltonian

optical
cavity mechanical

mode
laser

laser detuning optomech.
coupling

Review “Cavity Optomechanics”: 
M. Aspelmeyer, T. Kippenberg, FM
Rev. Mod. Phys. 2014



Quantum optomechanics: 
Linearized Hamiltonian

large amplitude
(laser drive)

quantum fluctuations

bilinear interaction
tunable coupling!

Sufficient to explain (almost) all current 
optomechanical experiments in the quantum regime



Mechanics & Optics

mechanical oscillator driven optical cavity

After linearization: two linearly coupled harmonic oscillators!



Different regimes

pu
m
p

ca
vi
ty

beam-splitter
(cooling) QND squeezer

(entanglement)

red-detuned blue-detuned





Linear Optomechanics
Displacement detection
Optical Spring
Cooling & Amplification
Two-tone drive: “Optomechanically 
induced transparency”
State transfer, pulsed operation
Wavelength conversion
Radiation Pressure Shot Noise
Squeezing of Light
Squeezing of Mechanics
Entanglement
Precision measurements

Nonlinear Optomechanics
Self-induced mechanical oscillations
Synchronization of oscillations
Chaos

Nonlinear Quantum 
Optomechanics

Phonon number detection
Phonon shot noise
Photon blockade
Optomechanical “which-way” 
experiment
Nonclassical mechanical q. states
Nonlinear OMIT
Noncl. via Conditional Detection
Single-photon sources
Coupling to other two-level 
systems

Optomechanical Circuits
Bandstructure in arrays
Synchronization/patterns in arrays
Transport & pulses in arrays



Note:

Yesterday’s red is today’s green!



Magnetic Fields for Photons

Introduction

Optomechanical Arrays

Topological Phases of Sound (and Light)



Many modes

optical
mode

mechanical
mode



= free-standing photonic crystal structures (Painter group)

Optomechanical crystals

advantages:
tight vibrational confinement:
high frequencies, small mass 
(stronger quantum effects)

tight optical confinement: 
large optomechanical 
coupling
(100 GHz/nm)

integrated on a chip

localized optical and 
vibrational mode

Safavi-Naeini et al PRL 2014 

2 µm

Eichenfield et al Nature 2009 



Optomechanical arrays

Optomechanical array: Many 
coupled optomechanical cells

laser drive

optical mode mechanical mode

Possible design based on “snowflake” 2D optomechanical crystal (Painter 
group), here: with suitable defects forming a superlattice (array of cells)



Modeling an optomechanical array

Quantum many-body dynamics in optomechanical arrays

Max Ludwig1, � and Florian Marquardt1, 2

1Institute for Theoretical Physics, Universität Erlangen-Nürnberg, Staudtstr. 7, 91058 Erlangen, Germany
2Max Planck Institute for the Science of Light, Günther-Scharowsky-Straße 1/Bau 24, 91058 Erlangen, Germany

We study the nonlinear driven dissipative quantum dynamics of an array of optomechanical sys-
tems. At each site of such an array, a localized mechanical mode interacts with a laser-driven cavity
mode via radiation pressure, and both photons and phonons can hop between neighboring sites.
The competition between coherent interaction and dissipation gives rise to a rich phase diagram
characterizing the optical and mechanical many-body states. For weak intercellular coupling, the
mechanical motion at di�erent sites is incoherent due to the influence of quantum noise. When
increasing the coupling strength, however, we observe a phase transition towards a regime of phase-
coherent mechanical oscillations. This transition and the phase diagram of the system are studied
using a Gutzwiller ansatz for the dynamics of the driven-dissipative system.

Introduction. - Recent experimental progress has
brought optomechanical systems into the quantum
regime: A single mechanical mode interacting with a
laser-driven cavity field has been cooled to the ground
state [1, 2]. Several of these setups, in particular op-
tomechanical crystals, o⇤er the potential to be scaled up
to form optomechanical arrays. Applications of such ar-
rays for quantum information processing [3, 4] have been
proposed lately. Given these developments, one is led
to explore quantum many-body e⇤ects in optomechani-
cal arrays. In this work, we analyze the nonlinear photon
and phonon dynamics in a homogeneous two-dimensional
optomechanical array. In contrast to earlier works [3–6],
here we study the array’s quantum dynamics beyond a
quadratic Hamiltonian. To tackle the non-equilibrium
many-body problem of this nonlinear dissipative system,
we employ a mean-field approach for the collective dy-
namics. First, we discuss photon statistics in the array,
in particular how the photon blockade e⇤ect [7] is al-
tered in the presence of intercellular coupling. The main
part of the article focusses on the transition of the collec-
tive mechanical motion from an incoherent state (due to
quantum noise) to an ordered state with phase-coherent
mechanical oscillations. For these dynamics, the dissipa-
tive e⇤ects induced by the optical modes play a crucial
role. On the one hand, they allow the mechanical modes
to settle into self-induced oscillations [8–15] once the op-
tomechanical amplification rate exceeds the intrinsic me-
chanical damping, see Fig. 1(b). On the other hand,
the fundamental quantum noise (e.g. cavity shot noise)
di⇤uses the mechanical phases and prevents the mechan-
ical modes from synchronizing. This interplay leads to
an elaborate phase diagram characterizing the transition.
To gain further insight, we develop a semiclassical model
describing the coupling of the mechanical phases and the
influence of quantum noise.

While true long-range order is prohibited for a
two-dimensional system with continuous symmetry,
a Beresinskii-Kosterlitz-Thouless transition towards a
state with quasi-long range order is possible. The ordered
mechanical phase thus resembles the superfluid phase in

mechanical mode

optical mode

intercellular coupling

b

driving strength

a

Figure 1. (a) Optomechanical array with localized mechani-
cal (b̂j) and laser-driven optical modes (âj) at each site. The
optical and mechanical coupling between neighboring sites is
set by J and K, respectively. (b) Onset of self-induced oscil-
lations for an isolated mechanical mode as a function of laser
driving strength (schematic). The classical dynamics (black
solid line) show a bifurcation. Quantum fluctuations blur the
transition (dashed blue line) and generate a mechanical state
whose phase is completely undetermined, see also Fig. 3(b).

two dimensional cold atomic gases [16] or Josephson junc-
tion arrays [17]. Notably, optomechanical arrays com-
bine the tunability of optical systems with the robustness
and durability of an integrated solid-state device. Other
driven dissipative systems that have been studied with
regard to phase transitions recently include cold atomic
gases [18–23], nonlinear cavity arrays [24, 25] and opti-
cal fibres [26]. In a very recent work and along the lines
of [18], the preparation of long-range order for photonic
modes was proposed using the linear dissipative e⇤ects
in an optomechanical array [6]. Our work adds the novel
aspect of a mechanical phase transition to the studies of
driven dissipative many-body systems.

Model. - We study the collective quantum dynamics of
a two-dimensional homogeneous array of optomechanical
cells (Fig. 1). Each of these cells consists of a mechanical
mode and a laser driven optical mode that interact via
the radiation pressure coupling at a rate g0 (~ = 1):

Ĥom,j = ��â†j âj +⇥b̂†j b̂j �g0(b̂
†
j + b̂j)â

†
j âj +�L(â

†
j + âj).

(1)
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each cell: optomech. interaction laser drive

Tight-binding model for photons & 
phonons hopping and interacting on 
a lattice

2

The mechanical mode (b̂j) is characterized by a frequency
⇤. The cavity mode (âj) is transformed into the frame
rotating at the laser frequency (⇥ = ⇧laser � ⇧cav) and
driven at the rate �L. In the most general case, both
photons and phonons can tunnel between neighboring
sites ⌃ij⌥ at rates J/z and K/z, where z denotes the
coordination number. The full Hamiltonian of the array
is given by Ĥ =

⇤
j Ĥom,j + Ĥint, with

Ĥint = �J

z

⌅

⇥i,j⇤

�
â†i âj + âiâ

†
j

⇥
� K

z

⌅

⇥i,j⇤

�
b̂†i b̂j + b̂ib̂

†
j

⇥
.(2)

To bring this many-body problem into a treatable form,
we apply the Gutzwiller ansatz Â†

i Âj ⇥ ⌃Â†
i ⌥Âj +

Â†
i ⌃Âj⌥ � ⌃Â†

i ⌥⌃Âj⌥ to Eq. (2). The accuracy of this ap-
proximation improves if the number of neighboring sites z
increases. For identical cells, the index j can be dropped
and the Hamiltonian reduces to a sum of independent
contributions, each of which is described by

Ĥmf = Ĥom � J
�
â†⌃â⌥+ â⌃â†⌥

⇥
�K

�
b̂†⌃b̂⌥+ b̂⌃b̂†⌥

⇥
.(3)

Hence, a Lindblad master equation for the single cell den-
sity matrix ⇤̂, d⇤̂/dt = �i[Ĥmf , ⇤̂] + ⇥D[â]⇤̂+ �D[b̂]⇤̂ can
be employed. The Lindblad terms D[Â]⇤̂ = Â⇤̂Â† �
1
2 Â

†Â⇤̂ � 1
2 ⇤̂Â

†Â take into account photon decay at a
rate ⇥ and mechanical dissipation (here assumed due to
a zero temperature bath) at a rate �.
Photon statistics. - Recently, it was shown that the ef-

fect of photon blockade [7] can appear in a single optome-
chanical cell: The interaction with the mechanical mode
induces an e⌅ective nonlinearity for the photon field of
strength g20/⇤ [7, 27]. Hence, the presence of a single
photon can hinder other photons from entering the cav-
ity. To observe this e⌅ect, the nonlinearity must be com-
parable to the cavity decay rate, i.e. g20/⇤ & ⇥, and the
laser drive weak (�L ⇤ ⇥) [7, 28].

To study nonclassical e⌅ects in the photon statistics,
we analyze the steady-state photon correlation function
g(2)(⌅) = ⌃â†(t)â†(t+ ⌅)â(t+ ⌅)â(t)⌥/⌃â(t)†â(t)⌥2 [29] at
equal times (⌅ = 0), with g(2)(0) = 1 for a coherent state,
and g(2)(0) < 1 (> 1) indicating anti-bunching (bunch-
ing). Here (Fig. 2), we probe the influence of the collec-
tive dynamics by varying the optical coupling strength J ,
while keeping the mechanical coupling K zero for clarity.
We note that, when increasing J , the optical resonance
e⌅ectively shifts: ⇥ ⌅ ⇥ + J . To keep the photon
number fixed while increasing J , the detuning has to be
adapted [30]. In this setting, we observe that the inter-
action between the cells suppresses anti-bunching (inset
of Fig. 2). Photon blockade is lost if the intercellular
coupling becomes larger than the e⌅ective nonlinearity,
2J & g20/⇤. Above this value, the photon statistics shows
bunching, and ultimately reaches Poissonian statistics for
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Figure 2. Loss of photon blockade for increasing optical cou-
pling in an array of optomechanical cavities. The equal time
photon correlation function shows anti-bunching (g(2)(0) < 1)
and bunching (g(2)(0) > 1) as a function of detuning ⇥ and
optical coupling strength J . The smallest values of g(2)(0)
are found for a detuning ⇥0 = �g20/⇤. When increasing the
coupling J while keeping the intracavity photon number con-
stant, i.e. along the dashed line, photon blockade is lost (inset,
g(2)(0) as black solid line). For a smaller driving power (inset,
blue solid line, �L = 5 · 10�5⇥), anti-bunching is more pro-
nounced, and the behavior is comparable to that of a nonlin-
ear cavity (inset, dashed line). The hatched area in the main
figure outlines a region where a transition towards coherent
mechanical oscillations has set in (see main text and further
figures). ⇥ = 0.3⇤, �L = 0.65⇥, g0 = 0.5⇤, � = 0.074⇤.

large couplings. Similar physics has recently been ana-
lyzed for coupled qubit-cavity arrays, [30]. For very large
coupling strengths, though, the density plot of Fig. 2 re-
veals signs of the collective mechanical motion (hatched
area). There we observe the correlation function to os-
cillate (at the mechanical frequency) and to show strong
bunching. We will now investigate this e⌅ect.
Collective mechanical quantum e�ects. - To describe

the collective mechanical motion of the array, we focus
on the case of purely mechanical intercellular coupling
(K > 0, J = 0) for simplicity. Note, though, that the
e⌅ect is also observable for optically coupled arrays, as
discussed above.
As our main result, Figs. 3(a)and 4(a) show the

sharp transition between incoherent self-oscillations and
a phase-coherent collective mechanical state as a function
of both laser detuning ⇥ and coupling strength K: In the
regime of self-induced oscillations, the phonon number
⌃b̂†b̂⌥ reaches a finite value. Yet, the expectation value
⌃b̂⌥ remains small and constant in time. When increas-
ing the intercellular coupling, though, ⌃b̂⌥ suddenly starts
oscillating:

⌃b̂⌥(t) = b̄+ re�i�eff t. (4)

Our more detailed analysis (see below) indicates that

optical coupling
(photon tunneling)

mechanical coupling
(phonon tunneling)

J K

Max Ludwig, FM, Phys. Rev. Lett. 111, 073602 (2013)

laser detuning
� = !L � !

opt



Optomechanical Hamiltonian

x̂â

†
â

~g0â†â(b̂+ b̂†) ~g0(↵�â† + ↵⇤�â)(b̂+ b̂†)

bare optomechanical coupling laser-enhanced
optomechanical coupling

g = g0↵

â = ↵+ �â “linearized 
optomechanical 

interaction”

tuneable! phase!



Optomechanical Arrays

conceptually simple: one material, with holes

global view: 
light-tunable metamaterial for photons & phonons

similar in spirit:
optical lattices
nonlinear optical materials

compare against complexity of 
setting up superconducting circuits 
or optical lattices

stable properties



Magnetic Fields for Photons

Introduction

Optomechanical Arrays

Topological Phases of Sound (and Light)



Magnetic Fields

Lorentz force Aharonov-Bohm effect

�

Landau levels Edge channels



Synthetic magnetic fields

Hopping with direction-dependent phase: 
Magnetic field!

1

2



Synthetic magnetic fields

Hopping with direction-dependent phase: 
Magnetic field!

1

2

�



Synthetic magnetic fields

neutral atoms

cold atom realizations: 
Aidelsburger et al (Bloch group) 2013, 
Miyake et al (Ketterle group) 2013

Mittal, .... , Hafezi PRL 2014
coupled ring resonators

tuneable: Fang, Yu, Fan Nature 
Photonics 2012; proposed electrical 
modulation of refractive index

Umucalilar and Carusotto, PRA 2011
circularly refractive medium

proposals:

Hafezi, Demler, Lukin, Taylor, Nature 
Physics 2011

photons



Modulating the tunnel coupling

!2

!1

!

phase!

mechanically induced transitions between optical modes:
Georg Heinrich, J. G. E. Harris, FM, Phys. Rev. A 81, 011801(R) (2010)

[basis for proposals/expts. in ions, 
cold atoms, photons, ...]



Photon Magnetic Fields from Optomechanics

Need:

Dielectric
(with the right 
pattern of holes)

Two Lasers
(with the right 
pattern of phases)



optical frequency of ‘link’ mode
modulated by mechanical vibration

oscillating radiation pressure force
induces mechanical vibration

Ĥ = . . .+ ~Gâ†âx(t)

link
mode 1 mode 2

mechanical
vibration x(t) ⇠ cos(!t+ �)

oscillating light intensity due to 
beat-note     between two lasers

modulation of effective tunnel
coupling between mode 1 and 2

!

Photon Magnetic Fields from Optomechanics
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Photon Magnetic Fields from Optomechanics



Transport of photons in a magnetic field
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(simulations including all details of the scheme)



Hoftstadter Butterfly

4J

�4J

!
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�
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0 2⇡Flux0 2⇡Flux
-2.3J

 2.3J

0 2⇡Flux

Ideal model Full model

/⌦ = 0.01/⌦ = 0.05

“Landau levels on a lattice”: Hofstadter butterfly

Most important constraint: Je↵  ⌦

(Floquet simulation, including all details of the scheme)



Magnetic Fields for Photons & Phonons

Introduction

Optomechanical Arrays

Topological Phases of Sound and Light



Topological Materials

Topological properties: 
robust against smooth changes!

Möbius strip knots

n-fold torus

superfluid
vortex Images: Wikipedia



Topological Materials

Quantum Hall Effect (Chern number = conductance)

2D topological insulators, e.g. HgTe

3D topological insulators, e.g. BiSe

Topological Insulators:

Other than electronic systems?
Proposals/first experiments for atoms, ions, photons

Waves can show topological robustness!
review: Hasan, Kane RMP 2010

cold atoms experiment: G. Jotzu et al. (Esslinger group), Nature 2014
photons:

Khanikaev,...,Shvets, Nature Materials 2012
Rechtsman, ..., Szameit Nature 2013

Mittal, .... , Hafezi PRL 2014
...

We calculate the edge band structure by using a unit cell that is
periodic in the x direction but finite in the y direction, ending with two
‘zig-zag’ edges (infinite in the x direction). The zig-zag edge is one of
three typical edge terminations of the honeycomb lattice; the other two
are the ‘armchair edge’ and the ‘bearded edge’. Note that the presence
of chiral edge states can be derived using the bulk–edge correspond-
ence principle by calculating the Chern number4,5,17,29. In our sample
(see Fig. 1a), the top and bottom edges are zig-zag edges and the right
and left edges are armchair edges. The band structure of the zig-zag
edge is presented in Fig. 2a for the case where the waveguides are not
helical (R5 0). There are two sets of states, one per edge. Their disper-
sion curves are flat and completely coincide (that is, they are degenerate
with one another), residing between kx5 2p/3a and kx5 4p/3a, occu-
pying one-third of kx space, where a5 15

ffiffiffi
3

p
mm is the lattice constant.

The Floquet band structure when the lattice is helical with R5 8mm is
shown in Fig. 2b. Here, the edge states are no longer degenerate, but
now have opposite slopes. Specifically, the transverse group velocity

(i.e., the group velocity in the (x–y) plane) on the top edge is now
directed to the right, and on the bottom edge to the left, corresponding
to clockwise circulations.However, there are no edge stateswhatsoever
circulating in the anti-clockwise direction. Hence, the edge states pre-
sented in Fig. 2b are the topologically protected edge states of a Floquet
topological insulator. The lack of a counter-propagating edge state on a
given edge directly implies that any edge-defect (or disorder) cannot
backscatter, as there is no backwards-propagating state available into
which to scatter, contrary to the case of R5 0, where there aremultiple
states into which scattering is possible. This is the essence of why topo-
logical protection occurs. The transverse group velocity (for brevity, we
henceforth drop ‘transverse’) of these edge states has a non-trivial
dependence on the helix radius, R. For small R, the group velocity of
the edge states increases, but eventually it reaches a maximum and
decreases again. Before the group velocity crosses zero, the Chern
number is calculated to be21 (indicating the presence of a clockwise
edge state, as seen in Fig. 2b). However, after the group velocity crosses

kx
ky

Bandgap

b

c d

a
15 15 μm

x

y
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ky

Figure 1 | Geometry and band structure of honeycomb photonic Floquet
topological insulator lattice. a, Microscope image of the input facet of the
photonic lattice, showing honeycomb geometry with ‘zig-zag’ edge
terminations on the top and bottom, and ‘armchair’ terminations on the left
and right sides. Scale bar at top right, 15mm. The yellow ellipse indicates the
position and shape of the input beam to this lattice. b, Sketch of the helical
waveguides. Their rotation axis is in the z direction, with radius R and period

Z. c, Band structure (b versus (kx, ky)) for the case of non-helical waveguides
comprising a honeycomb lattice (R5 0). Note the band crossings at the Dirac
point. d, Bulk band structure for the photonic topological insulator: helical
waveguides with R5 8mm arranged in a honeycomb lattice. Note the bandgap
opening up at the Dirac points (labelled with the red, double-ended arrow),
which corresponds to the bandgap in a Floquet topological insulator.
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Figure 2 | Dispersion curves of the edge states, highlighting the unique
dispersion properties of the topologically protected edge states for helical
waveguides in the honeycomb lattice. a, Band structure of the edge states on the
top and bottom of the array when the waveguides are straight (R50). The
dispersion of both top and bottom edge states (red and green curves) is flat,
therefore they have zero group velocity. The bands of the bulk honeycomb lattice

aredrawn inblack.b,Dispersioncurves of the edge states in theFloquet topological
insulator for helical waveguides with R58mm: the band gap is open and the edge
states acquire non-zero group velocity. These edge states reside strictly within the
bulk band gap of the bulk lattice (drawn in black). c, Group velocity (slope of green
and red curves) versus helix radius, R, of the helical waveguides comprising the
honeycomb lattice. The maximum occurs at R510.3mm.
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Topological Bandstructures

Simplest case: 
Two orbitals per site
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B(~k)

!
· ei~k~r

Plane wave ansatz:

(like a spin!)

Two bands 
(in general: with a band gap)
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[Bernevig, Hughes, Zhang 2006]
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Brillouin zone
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Topological Bandstructures

Chern number = (sum of Berry phases across Brillouin zone)/2π
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Chern number = integer! topologically robust!
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What about topological transport of phonons?



Phonon Topological Materials

What about topological transport of phonons?

Kane and Lubensky, Nature Physics 2014
Edge channels in ‘isostatic’ lattices

Previous work on topological phonon band structures
Chern insulator in microtubules?
Prodan&Prodan, Phys. Rev. Lett. 2009

ARTICLES
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Figure 3 | Zero modes at domain walls. a, A lattice with periodic boundary
conditions and two domain walls, the left one between (0.1,0.1,0.1,0) and
(0.1,0.1,�.1,0) with zero modes and the right one between
(0.1,0.1,�.1,0) and (0.1,0.1,+0.1,0) with states of self-stress. The
zero-mode eigenvectors at k

x

=⇡ are indicated for the floppy mode
(arrows) and the state of self-stress (red (+) and green (�) thickened
bonds). b, The vibrational mode dispersion as a function of k

x

.

and bonds are assigned to unit cells. In the Supplementary
Information we show that for an isostatic lattice with uniform
coordination it is possible to adopt a ‘standard unit cell’ with
basis vectors di(m) for the ns sites (dns bonds) per cell that satisfy
r0 = d

P
idi �

P
mdm = 0. Q(k) is defined using Bloch basis states

|k,a= i,mi/P
Rexpik·(R+da)|R+dai, whereR is a Bravais lattice

vector. In this gauge, RT is uniquely defined and the zero-mode
count is given by equations (3) and (5)–(7).

To determine the number of zero modes per unit cell on an edge
indexed by a reciprocal lattice vectorG, consider a cylinder with axis
parallel to G and define the region S to be the points nearest to one
end of the cylinder (see Supplementary Fig. 1). ⌫S

T is determined by
evaluating equation (6), with the aid of equation (7) on @S deep in
the bulk of the cylinder. It follows that

⌫̃T ⌘ ⌫S
T/Ncell =G ·RT/2⇡ (8)

The local count, ⌫S
L, depends on the details of the termination at

the surface and can be determined by evaluating the macroscopic
‘surface charge’ that arises when charges +d (�1) are placed on
the sites (bonds) in a manner analogous to the ‘pebble game’4.
This can be found by defining a bulk unit cell with basis vectors
d̃a that accommodates the surface with no leftover sites or bonds
(see Fig. 4a below). Note that this unit cell depends on the
surface termination and, in general, will be different from the

‘standard’ unit cell used for ⌫S
T. The local count is then the

surface polarization charge given by the dipole moment per unit
cell. We find

⌫̃L ⌘ ⌫S
L/Ncell =G ·RL/2⇡ (9)

where

RL = d
X

sitesi

d̃i �
X

bondsm

d̃m (10)

RL is similar to r0 defined above (which is assumed to be
zero), but it is in general a different Bravais lattice vector.
The total zero mode count on the surface then follows from
equations (3), (8) and (9).

Deformed kagome lattice model
We now illustrate the topological boundary modes of a 2D lattice
with the connectivity of the kagome lattice, but with deformed
positions. The deformed kagome lattice is specified by its Bravais
lattice and basis vectors for the three atoms per unit cell. For
simplicity, we fix the Bravais lattice to be hexagonal with primitive
vectors ap+1 = (cos2⇡p/3,sin2⇡p/3). We parameterize the basis
vectors as d1 = a1/2+ s2, d2 = a2/2� s1 and d3 = a3/2. Defining
s3 = �s1 � s2, sp describe the displacement of dp�1 relative to
the midpoint of the line along ap that connects its neighbours
at dp+1 ± ap⌥1 (with p defined mod 3), as indicated in Fig. 2a. sp
are specified by 6 parameters with 2 constraints. A symmetrical
representation is to take sp = xp(ap�1 � ap+1) + ypap and to use
independent variables (x1,x2,x3; z) with z = y1 + y2 + y3. The
constraints then determine yp = z/3+xp�1 �xp+1. xp describes the
buckling of the line of bonds along ap, so that when xp = 0 the
line of bonds is straight. z describes the asymmetry in the sizes of
the two triangles. (0,0,0;0) is the undistorted kagome lattice, and
(x,x,x;0) is the twisted kagome lattice, studied in ref. 22, with twist
angle ✓ = tan�1(2

p
3x).

It is straightforward to solve for the bulk normal modes of the
periodic lattice. When any of the xp are zero the gap vanishes on the
linek·ap =0 in the Brillouin zone. This line of zeromodes is a special
property of this model that follows from the presence of straight
lines of bonds along ap. When xp = 0 the system is at a critical point
separating topologically distinct bulk phases. The phase diagram
features the eight octants specified by the signs of x1,2,3. (+++) and
(� � �) describe states, topologically equivalent to the twisted
kagome lattice, with RT = 0. The remaining 6 octants are states
that are topologically distinct, but are related to each other by C6
rotations. We find that

RT =
3X

p=1

apsgnxp/2 (11)

is independent of z . Figure 2b shows a ternary plot of the phase
diagram as a function of x1,x2,x3 for z = 0 and a fixed value
of x1 + x2 + x3. Figure 2c–e shows representative structures for
the RT = 0 phase (Fig. 2c), the RT 6= 0 phase (Fig. 2e), and the
transition between them (Fig. 2d). The insets show density plots of
the lowest frequency mode, which highlight the gapless point due
to the acoustic mode in Fig. 2c and the gapless line due to states of
self-stress in Fig. 2d. In Fig. 2e, the gap vanishes only at the origin,
but the cross arises because acoustic modes vary quadratically
rather than linearly with k along its axes. This behaviour will be
discussed in the next section.

We next examine the boundary modes of the deformed
kagome lattice. Figure 3 shows a system with periodic boundary
conditions in both directions, which has domain walls separating
(0.1,0.1,0.1;0) from (0.1,0.1,�0.1;0). As there are no broken

42 NATURE PHYSICS | VOL 10 | JANUARY 2014 | www.nature.com/naturephysics

(edges not topologically protected)

Topological Phonon Modes and Their Role in Dynamic Instability of Microtubules

Emil Prodan1 and Camelia Prodan2

1Department of Physics, Yeshiva University, New York, New York 10016, USA
2Department of Physics, New Jersey Institute of Technology, Newark, New Jersey 07102, USA

(Received 18 June 2009; revised manuscript received 30 September 2009; published 7 December 2009)

Microtubules (MTs) are self-assembled hollow protein tubes playing important functions in live cells.

Their building block is a protein called tubulin, which self-assembles in a particulate 2 dimensional lattice.

We study the vibrational modes of this lattice and find Dirac points in the phonon spectrum. We discuss a

splitting of the Dirac points that leads to phonon bands with nonzero Chern numbers, signaling the

existence of topological vibrational modes localized at MTs edges, which we indeed observe after explicit

calculations. Since these modes are robust against the large changes occurring at the edges during the

dynamic cycle of the MTs, we can build a simple mechanical model to illustrate how they would

participate in this phenomenon.

DOI: 10.1103/PhysRevLett.103.248101 PACS numbers: 87.16.Ka, 63.20.Pw, 63.22.!m, 87.10.!e

Microtubules (MTs) exist in every eukaryotic cell, being
part of the cellular cytoskeleton and playing important
roles in cell division and intracellular transport. MTs are
made of!-" tubulin protein dimers forming long protofila-
ments, which self-assemble into hollow tubes [1]. Under
constant chemical conditions, the tubes switch randomly
between growing and shrinking modes [2]. This dynamic
instability (DI) is essential to the functioning of the MTs.

In Ref. [3], the MT’s total energy was considered as
function of the transversal and longitudinal curvatures of
the tubulin sheet near the edge. It was proposed that the
energy landscape has two minima separated by an energy
barrier, one favoring a cylindrical and the other a trumpet
shape. Ref. [3] proposed that, during growth, the MTs
reside near the first minimum, but somehow they start
climbing until they overcome the energy barrier when
they start sliding towards the second minimum, forcing
the ends to open and the tubes to depolymerize.

Figure 1(a) shows a device with a similar energy land-
scape. It is a bow made of two elastic roads held together
by two connectors and a rubber band stretched between
them, so that it can slide freely between the two roads. The
energy of the bow, as function of x [Fig. 1(a)], has two
minima. We can switch between the minima by pushing
hard on the free end, or by using a succession of low energy
actions. Indeed, let us attach a spring and a weight at the
free end and aim small beads at the weight [Fig. 1(b)]. The
energy of the falling beads is stored in the harmonic motion
of the weight, whose oscillation amplitude grows, forcing
the bow at some point to climb the energy barrier and
switch its configuration [4].

The springþ weight can represent a vibrational mode
localized at the MT’s edge and the beads a sequence of
synchronized GTP hydrolyses. In ordinary lattices, the
edge modes can easily disappear if changes occur at the
edge. The edge mode mentioned above must be resilient, of
special nature, because the properties of the edge vary

wildly during DI. Switching for a moment from phonons
to electrons, we point out that an entirely new class of
materials, called topological insulators, has been discov-
ered recently [5–7], with the remarkable property that
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FIG. 1 (color online). The system can be switched between
two equilibrium configurations by: (a) delivering a large amount
of energy at once or (b) by attaching a springþ weight and
releasing the beads one by one. (c) The 2D lattice of dimers of
primitive vectors b1 and b2. At equilibrium, the dimers are all
parallel and orientated along an arbitrary direction. The xy
coordinate system indicates the plane of motion. The y axis is
along the dimer but the x axis is arbitrary. (d) The interaction
between the tubulin dimers is modeled by a network of springs.
There are 7 distinct springs and corresponding ê unit vectors. We
also indicate second order neighbors whose harmonic interaction
is also considered. (e) The degrees of freedom for the xy planar
motion. (f) Stretched configuration of a spring with the ends
displaced by r1;2.
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What about topological transport of phonons?

Engineer non-reciprocal phases for phonon transport!



Topological Phases of Sound and Light

Need:

Dielectric
(with the right 
pattern of holes)

One Laser
(with the right 
pattern of phases)

What about topological transport of phonons?



Gauge fields for phonons

photons

phonons

first such scheme: “phonon circulator”, 
Habraken, Stannigel, Lukin, Zoller, and Rabl, New Journal of Physics, 14, 115004 (2012)

(works best for phonons, due to K<<J)
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Creating an optical phase pattern
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Topological Phases of Sound and Light 
in an Optomechanical Array

Kagome Optomechanical Array

See PRL 2014 of Painter group for experimental demonstration of
snowflake 2D crystal with a single defect
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laser-field with different 
phases on sites A,B,C

see Koch, ..., Girvin PRA 2010 for Kagome lattice in circuit QED



Topological Phases of Sound and Light 
in an Optomechanical Array
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Topological Phases of Sound and Light 
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Topological Phases of Sound and Light

‣ Example of topological phases of 
phonons in the solid state (once 
realized in the experiment)

‣ Strong coupling regime: Two physically 
different particle species

‣ Full optical control and readout

‣ Create arbitrary domains using spatial 
laser profile, reconfigure edge states

‣ Time-dependent control: quenches of 
topological phases



Optomechanical Arrays: Future possibilities

Synthetic magnetic fields
for photons/phonons Topological Phases

Dirac Physics and
other band structures

Synchronization and
Pattern Formation

Strongly Correlated
Quantum Physics?

Transport
(edge states/wires)

Tuneable/re-
configurable in-situ

All-optical 
control/readout

Nonequilibrium
dynamics/Quench 

physics/Thermalization

laser drive

Quantum Information 
Processing

Michael Schmidt, Vittorio Peano, FM arXiv:1311.7095
Vittorio Peano et al., arXiv:1409.5375in this talk:



Optomechanical bandstructure

Quantum many-body dynamics in optomechanical arrays

Max Ludwig1, � and Florian Marquardt1, 2

1Institute for Theoretical Physics, Universität Erlangen-Nürnberg, Staudtstr. 7, 91058 Erlangen, Germany
2Max Planck Institute for the Science of Light, Günther-Scharowsky-Straße 1/Bau 24, 91058 Erlangen, Germany

We study the nonlinear driven dissipative quantum dynamics of an array of optomechanical sys-
tems. At each site of such an array, a localized mechanical mode interacts with a laser-driven cavity
mode via radiation pressure, and both photons and phonons can hop between neighboring sites.
The competition between coherent interaction and dissipation gives rise to a rich phase diagram
characterizing the optical and mechanical many-body states. For weak intercellular coupling, the
mechanical motion at di�erent sites is incoherent due to the influence of quantum noise. When
increasing the coupling strength, however, we observe a phase transition towards a regime of phase-
coherent mechanical oscillations. This transition and the phase diagram of the system are studied
using a Gutzwiller ansatz for the dynamics of the driven-dissipative system.

Introduction. - Recent experimental progress has
brought optomechanical systems into the quantum
regime: A single mechanical mode interacting with a
laser-driven cavity field has been cooled to the ground
state [1, 2]. Several of these setups, in particular op-
tomechanical crystals, o⇤er the potential to be scaled up
to form optomechanical arrays. Applications of such ar-
rays for quantum information processing [3, 4] have been
proposed lately. Given these developments, one is led
to explore quantum many-body e⇤ects in optomechani-
cal arrays. In this work, we analyze the nonlinear photon
and phonon dynamics in a homogeneous two-dimensional
optomechanical array. In contrast to earlier works [3–6],
here we study the array’s quantum dynamics beyond a
quadratic Hamiltonian. To tackle the non-equilibrium
many-body problem of this nonlinear dissipative system,
we employ a mean-field approach for the collective dy-
namics. First, we discuss photon statistics in the array,
in particular how the photon blockade e⇤ect [7] is al-
tered in the presence of intercellular coupling. The main
part of the article focusses on the transition of the collec-
tive mechanical motion from an incoherent state (due to
quantum noise) to an ordered state with phase-coherent
mechanical oscillations. For these dynamics, the dissipa-
tive e⇤ects induced by the optical modes play a crucial
role. On the one hand, they allow the mechanical modes
to settle into self-induced oscillations [8–15] once the op-
tomechanical amplification rate exceeds the intrinsic me-
chanical damping, see Fig. 1(b). On the other hand,
the fundamental quantum noise (e.g. cavity shot noise)
di⇤uses the mechanical phases and prevents the mechan-
ical modes from synchronizing. This interplay leads to
an elaborate phase diagram characterizing the transition.
To gain further insight, we develop a semiclassical model
describing the coupling of the mechanical phases and the
influence of quantum noise.

While true long-range order is prohibited for a
two-dimensional system with continuous symmetry,
a Beresinskii-Kosterlitz-Thouless transition towards a
state with quasi-long range order is possible. The ordered
mechanical phase thus resembles the superfluid phase in

mechanical mode

optical mode

intercellular coupling

b

driving strength

a

Figure 1. (a) Optomechanical array with localized mechani-
cal (b̂j) and laser-driven optical modes (âj) at each site. The
optical and mechanical coupling between neighboring sites is
set by J and K, respectively. (b) Onset of self-induced oscil-
lations for an isolated mechanical mode as a function of laser
driving strength (schematic). The classical dynamics (black
solid line) show a bifurcation. Quantum fluctuations blur the
transition (dashed blue line) and generate a mechanical state
whose phase is completely undetermined, see also Fig. 3(b).

two dimensional cold atomic gases [16] or Josephson junc-
tion arrays [17]. Notably, optomechanical arrays com-
bine the tunability of optical systems with the robustness
and durability of an integrated solid-state device. Other
driven dissipative systems that have been studied with
regard to phase transitions recently include cold atomic
gases [18–23], nonlinear cavity arrays [24, 25] and opti-
cal fibres [26]. In a very recent work and along the lines
of [18], the preparation of long-range order for photonic
modes was proposed using the linear dissipative e⇤ects
in an optomechanical array [6]. Our work adds the novel
aspect of a mechanical phase transition to the studies of
driven dissipative many-body systems.

Model. - We study the collective quantum dynamics of
a two-dimensional homogeneous array of optomechanical
cells (Fig. 1). Each of these cells consists of a mechanical
mode and a laser driven optical mode that interact via
the radiation pressure coupling at a rate g0 (~ = 1):

Ĥom,j = ��â†j âj +⇥b̂†j b̂j �g0(b̂
†
j + b̂j)â

†
j âj +�L(â

†
j + âj).

(1)
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The mechanical mode (b̂j) is characterized by a frequency
⇤. The cavity mode (âj) is transformed into the frame
rotating at the laser frequency (⇥ = ⇧laser � ⇧cav) and
driven at the rate �L. In the most general case, both
photons and phonons can tunnel between neighboring
sites ⌃ij⌥ at rates J/z and K/z, where z denotes the
coordination number. The full Hamiltonian of the array
is given by Ĥ =

⇤
j Ĥom,j + Ĥint, with

Ĥint = �J

z

⌅

⇥i,j⇤

�
â†i âj + âiâ

†
j

⇥
� K

z

⌅

⇥i,j⇤

�
b̂†i b̂j + b̂ib̂

†
j

⇥
.(2)

To bring this many-body problem into a treatable form,
we apply the Gutzwiller ansatz Â†

i Âj ⇥ ⌃Â†
i ⌥Âj +

Â†
i ⌃Âj⌥ � ⌃Â†

i ⌥⌃Âj⌥ to Eq. (2). The accuracy of this ap-
proximation improves if the number of neighboring sites z
increases. For identical cells, the index j can be dropped
and the Hamiltonian reduces to a sum of independent
contributions, each of which is described by

Ĥmf = Ĥom � J
�
â†⌃â⌥+ â⌃â†⌥

⇥
�K

�
b̂†⌃b̂⌥+ b̂⌃b̂†⌥

⇥
.(3)

Hence, a Lindblad master equation for the single cell den-
sity matrix ⇤̂, d⇤̂/dt = �i[Ĥmf , ⇤̂] + ⇥D[â]⇤̂+ �D[b̂]⇤̂ can
be employed. The Lindblad terms D[Â]⇤̂ = Â⇤̂Â† �
1
2 Â

†Â⇤̂ � 1
2 ⇤̂Â

†Â take into account photon decay at a
rate ⇥ and mechanical dissipation (here assumed due to
a zero temperature bath) at a rate �.
Photon statistics. - Recently, it was shown that the ef-

fect of photon blockade [7] can appear in a single optome-
chanical cell: The interaction with the mechanical mode
induces an e⌅ective nonlinearity for the photon field of
strength g20/⇤ [7, 27]. Hence, the presence of a single
photon can hinder other photons from entering the cav-
ity. To observe this e⌅ect, the nonlinearity must be com-
parable to the cavity decay rate, i.e. g20/⇤ & ⇥, and the
laser drive weak (�L ⇤ ⇥) [7, 28].

To study nonclassical e⌅ects in the photon statistics,
we analyze the steady-state photon correlation function
g(2)(⌅) = ⌃â†(t)â†(t+ ⌅)â(t+ ⌅)â(t)⌥/⌃â(t)†â(t)⌥2 [29] at
equal times (⌅ = 0), with g(2)(0) = 1 for a coherent state,
and g(2)(0) < 1 (> 1) indicating anti-bunching (bunch-
ing). Here (Fig. 2), we probe the influence of the collec-
tive dynamics by varying the optical coupling strength J ,
while keeping the mechanical coupling K zero for clarity.
We note that, when increasing J , the optical resonance
e⌅ectively shifts: ⇥ ⌅ ⇥ + J . To keep the photon
number fixed while increasing J , the detuning has to be
adapted [30]. In this setting, we observe that the inter-
action between the cells suppresses anti-bunching (inset
of Fig. 2). Photon blockade is lost if the intercellular
coupling becomes larger than the e⌅ective nonlinearity,
2J & g20/⇤. Above this value, the photon statistics shows
bunching, and ultimately reaches Poissonian statistics for
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Figure 2. Loss of photon blockade for increasing optical cou-
pling in an array of optomechanical cavities. The equal time
photon correlation function shows anti-bunching (g(2)(0) < 1)
and bunching (g(2)(0) > 1) as a function of detuning ⇥ and
optical coupling strength J . The smallest values of g(2)(0)
are found for a detuning ⇥0 = �g20/⇤. When increasing the
coupling J while keeping the intracavity photon number con-
stant, i.e. along the dashed line, photon blockade is lost (inset,
g(2)(0) as black solid line). For a smaller driving power (inset,
blue solid line, �L = 5 · 10�5⇥), anti-bunching is more pro-
nounced, and the behavior is comparable to that of a nonlin-
ear cavity (inset, dashed line). The hatched area in the main
figure outlines a region where a transition towards coherent
mechanical oscillations has set in (see main text and further
figures). ⇥ = 0.3⇤, �L = 0.65⇥, g0 = 0.5⇤, � = 0.074⇤.

large couplings. Similar physics has recently been ana-
lyzed for coupled qubit-cavity arrays, [30]. For very large
coupling strengths, though, the density plot of Fig. 2 re-
veals signs of the collective mechanical motion (hatched
area). There we observe the correlation function to os-
cillate (at the mechanical frequency) and to show strong
bunching. We will now investigate this e⌅ect.
Collective mechanical quantum e�ects. - To describe

the collective mechanical motion of the array, we focus
on the case of purely mechanical intercellular coupling
(K > 0, J = 0) for simplicity. Note, though, that the
e⌅ect is also observable for optically coupled arrays, as
discussed above.
As our main result, Figs. 3(a)and 4(a) show the

sharp transition between incoherent self-oscillations and
a phase-coherent collective mechanical state as a function
of both laser detuning ⇥ and coupling strength K: In the
regime of self-induced oscillations, the phonon number
⌃b̂†b̂⌥ reaches a finite value. Yet, the expectation value
⌃b̂⌥ remains small and constant in time. When increas-
ing the intercellular coupling, though, ⌃b̂⌥ suddenly starts
oscillating:

⌃b̂⌥(t) = b̄+ re�i�eff t. (4)

Our more detailed analysis (see below) indicates that

optical coupling
(photon tunneling)

mechanical coupling
(phonon tunneling)

J K

Max Ludwig, FM, Phys. Rev. Lett. 111, 073602 (2013)
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Quantum many-body dynamics in optomechanical arrays
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We study the nonlinear driven dissipative quantum dynamics of an array of optomechanical sys-
tems. At each site of such an array, a localized mechanical mode interacts with a laser-driven cavity
mode via radiation pressure, and both photons and phonons can hop between neighboring sites.
The competition between coherent interaction and dissipation gives rise to a rich phase diagram
characterizing the optical and mechanical many-body states. For weak intercellular coupling, the
mechanical motion at di�erent sites is incoherent due to the influence of quantum noise. When
increasing the coupling strength, however, we observe a phase transition towards a regime of phase-
coherent mechanical oscillations. This transition and the phase diagram of the system are studied
using a Gutzwiller ansatz for the dynamics of the driven-dissipative system.

Introduction. - Recent experimental progress has
brought optomechanical systems into the quantum
regime: A single mechanical mode interacting with a
laser-driven cavity field has been cooled to the ground
state [1, 2]. Several of these setups, in particular op-
tomechanical crystals, o⇤er the potential to be scaled up
to form optomechanical arrays. Applications of such ar-
rays for quantum information processing [3, 4] have been
proposed lately. Given these developments, one is led
to explore quantum many-body e⇤ects in optomechani-
cal arrays. In this work, we analyze the nonlinear photon
and phonon dynamics in a homogeneous two-dimensional
optomechanical array. In contrast to earlier works [3–6],
here we study the array’s quantum dynamics beyond a
quadratic Hamiltonian. To tackle the non-equilibrium
many-body problem of this nonlinear dissipative system,
we employ a mean-field approach for the collective dy-
namics. First, we discuss photon statistics in the array,
in particular how the photon blockade e⇤ect [7] is al-
tered in the presence of intercellular coupling. The main
part of the article focusses on the transition of the collec-
tive mechanical motion from an incoherent state (due to
quantum noise) to an ordered state with phase-coherent
mechanical oscillations. For these dynamics, the dissipa-
tive e⇤ects induced by the optical modes play a crucial
role. On the one hand, they allow the mechanical modes
to settle into self-induced oscillations [8–15] once the op-
tomechanical amplification rate exceeds the intrinsic me-
chanical damping, see Fig. 1(b). On the other hand,
the fundamental quantum noise (e.g. cavity shot noise)
di⇤uses the mechanical phases and prevents the mechan-
ical modes from synchronizing. This interplay leads to
an elaborate phase diagram characterizing the transition.
To gain further insight, we develop a semiclassical model
describing the coupling of the mechanical phases and the
influence of quantum noise.

While true long-range order is prohibited for a
two-dimensional system with continuous symmetry,
a Beresinskii-Kosterlitz-Thouless transition towards a
state with quasi-long range order is possible. The ordered
mechanical phase thus resembles the superfluid phase in

mechanical mode

optical mode

intercellular coupling

b

driving strength

a

Figure 1. (a) Optomechanical array with localized mechani-
cal (b̂j) and laser-driven optical modes (âj) at each site. The
optical and mechanical coupling between neighboring sites is
set by J and K, respectively. (b) Onset of self-induced oscil-
lations for an isolated mechanical mode as a function of laser
driving strength (schematic). The classical dynamics (black
solid line) show a bifurcation. Quantum fluctuations blur the
transition (dashed blue line) and generate a mechanical state
whose phase is completely undetermined, see also Fig. 3(b).

two dimensional cold atomic gases [16] or Josephson junc-
tion arrays [17]. Notably, optomechanical arrays com-
bine the tunability of optical systems with the robustness
and durability of an integrated solid-state device. Other
driven dissipative systems that have been studied with
regard to phase transitions recently include cold atomic
gases [18–23], nonlinear cavity arrays [24, 25] and opti-
cal fibres [26]. In a very recent work and along the lines
of [18], the preparation of long-range order for photonic
modes was proposed using the linear dissipative e⇤ects
in an optomechanical array [6]. Our work adds the novel
aspect of a mechanical phase transition to the studies of
driven dissipative many-body systems.

Model. - We study the collective quantum dynamics of
a two-dimensional homogeneous array of optomechanical
cells (Fig. 1). Each of these cells consists of a mechanical
mode and a laser driven optical mode that interact via
the radiation pressure coupling at a rate g0 (~ = 1):

Ĥom,j = ��â†j âj +⇥b̂†j b̂j �g0(b̂
†
j + b̂j)â

†
j âj +�L(â

†
j + âj).

(1)
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The mechanical mode (b̂j) is characterized by a frequency
⇤. The cavity mode (âj) is transformed into the frame
rotating at the laser frequency (⇥ = ⇧laser � ⇧cav) and
driven at the rate �L. In the most general case, both
photons and phonons can tunnel between neighboring
sites ⌃ij⌥ at rates J/z and K/z, where z denotes the
coordination number. The full Hamiltonian of the array
is given by Ĥ =

⇤
j Ĥom,j + Ĥint, with

Ĥint = �J

z

⌅

⇥i,j⇤

�
â†i âj + âiâ

†
j

⇥
� K

z

⌅

⇥i,j⇤

�
b̂†i b̂j + b̂ib̂

†
j

⇥
.(2)

To bring this many-body problem into a treatable form,
we apply the Gutzwiller ansatz Â†

i Âj ⇥ ⌃Â†
i ⌥Âj +

Â†
i ⌃Âj⌥ � ⌃Â†

i ⌥⌃Âj⌥ to Eq. (2). The accuracy of this ap-
proximation improves if the number of neighboring sites z
increases. For identical cells, the index j can be dropped
and the Hamiltonian reduces to a sum of independent
contributions, each of which is described by

Ĥmf = Ĥom � J
�
â†⌃â⌥+ â⌃â†⌥

⇥
�K

�
b̂†⌃b̂⌥+ b̂⌃b̂†⌥

⇥
.(3)

Hence, a Lindblad master equation for the single cell den-
sity matrix ⇤̂, d⇤̂/dt = �i[Ĥmf , ⇤̂] + ⇥D[â]⇤̂+ �D[b̂]⇤̂ can
be employed. The Lindblad terms D[Â]⇤̂ = Â⇤̂Â† �
1
2 Â

†Â⇤̂ � 1
2 ⇤̂Â

†Â take into account photon decay at a
rate ⇥ and mechanical dissipation (here assumed due to
a zero temperature bath) at a rate �.
Photon statistics. - Recently, it was shown that the ef-

fect of photon blockade [7] can appear in a single optome-
chanical cell: The interaction with the mechanical mode
induces an e⌅ective nonlinearity for the photon field of
strength g20/⇤ [7, 27]. Hence, the presence of a single
photon can hinder other photons from entering the cav-
ity. To observe this e⌅ect, the nonlinearity must be com-
parable to the cavity decay rate, i.e. g20/⇤ & ⇥, and the
laser drive weak (�L ⇤ ⇥) [7, 28].

To study nonclassical e⌅ects in the photon statistics,
we analyze the steady-state photon correlation function
g(2)(⌅) = ⌃â†(t)â†(t+ ⌅)â(t+ ⌅)â(t)⌥/⌃â(t)†â(t)⌥2 [29] at
equal times (⌅ = 0), with g(2)(0) = 1 for a coherent state,
and g(2)(0) < 1 (> 1) indicating anti-bunching (bunch-
ing). Here (Fig. 2), we probe the influence of the collec-
tive dynamics by varying the optical coupling strength J ,
while keeping the mechanical coupling K zero for clarity.
We note that, when increasing J , the optical resonance
e⌅ectively shifts: ⇥ ⌅ ⇥ + J . To keep the photon
number fixed while increasing J , the detuning has to be
adapted [30]. In this setting, we observe that the inter-
action between the cells suppresses anti-bunching (inset
of Fig. 2). Photon blockade is lost if the intercellular
coupling becomes larger than the e⌅ective nonlinearity,
2J & g20/⇤. Above this value, the photon statistics shows
bunching, and ultimately reaches Poissonian statistics for

detuning

op
tic

al
 c

ou
pl

in
g 

st
re

ng
th

 

photon correlations

-1 0-0.5-1.5

0.5

0

1

0.001 0.01 0.1 1

1

3

1
2

4
3

Figure 2. Loss of photon blockade for increasing optical cou-
pling in an array of optomechanical cavities. The equal time
photon correlation function shows anti-bunching (g(2)(0) < 1)
and bunching (g(2)(0) > 1) as a function of detuning ⇥ and
optical coupling strength J . The smallest values of g(2)(0)
are found for a detuning ⇥0 = �g20/⇤. When increasing the
coupling J while keeping the intracavity photon number con-
stant, i.e. along the dashed line, photon blockade is lost (inset,
g(2)(0) as black solid line). For a smaller driving power (inset,
blue solid line, �L = 5 · 10�5⇥), anti-bunching is more pro-
nounced, and the behavior is comparable to that of a nonlin-
ear cavity (inset, dashed line). The hatched area in the main
figure outlines a region where a transition towards coherent
mechanical oscillations has set in (see main text and further
figures). ⇥ = 0.3⇤, �L = 0.65⇥, g0 = 0.5⇤, � = 0.074⇤.

large couplings. Similar physics has recently been ana-
lyzed for coupled qubit-cavity arrays, [30]. For very large
coupling strengths, though, the density plot of Fig. 2 re-
veals signs of the collective mechanical motion (hatched
area). There we observe the correlation function to os-
cillate (at the mechanical frequency) and to show strong
bunching. We will now investigate this e⌅ect.
Collective mechanical quantum e�ects. - To describe

the collective mechanical motion of the array, we focus
on the case of purely mechanical intercellular coupling
(K > 0, J = 0) for simplicity. Note, though, that the
e⌅ect is also observable for optically coupled arrays, as
discussed above.
As our main result, Figs. 3(a)and 4(a) show the

sharp transition between incoherent self-oscillations and
a phase-coherent collective mechanical state as a function
of both laser detuning ⇥ and coupling strength K: In the
regime of self-induced oscillations, the phonon number
⌃b̂†b̂⌥ reaches a finite value. Yet, the expectation value
⌃b̂⌥ remains small and constant in time. When increas-
ing the intercellular coupling, though, ⌃b̂⌥ suddenly starts
oscillating:

⌃b̂⌥(t) = b̄+ re�i�eff t. (4)

Our more detailed analysis (see below) indicates that

optical coupling
(photon tunneling)

mechanical coupling
(phonon tunneling)

J K

see also: slow light in optomech. arrays by O. Painter and A. Safavi-Naeini NJP 2011

Max Ludwig, FM, Phys. Rev. Lett. 111, 073602 (2013)
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To be written in the end

Introduction

• Postponed

Model (?)
Setup figure (fig. 1)
We consider an arbitrary 1D or 2D lattice of identical

optomechanical systems. A laser field drives uniformly
each optomechanichal system which is described by the
onsite Hamiltonian

Hj = ��a†jaj+�L(a
†
j+aj)+⇥b†j bj�g0(b

†
j+bj)]a

†
jaj. (1)

Nearest neighbor sites are coupled by the tight-binding
interaction Hhjli = (Ja†jal + Kb†j bl)/2. In the following,
we denote by �k and ⇥k the optical and mechanical band
structures calculated in the neglect of the optomechanical
coupling. Moreover, we indicate with ⌅ and ⇤ the optical
and mechanical relaxation rates, respectively.

For a not too strong uniform driving one has to expect
uniform stationary oscillation and mechanical displace-
ment of all lattice sites � = ⇧�j⌃ and ⇥ = ⇧bj⌃ . In other
words, only the zero momentum optical mode is excited.
As the main eect of the optomechanichal coupling is
the amplitude dependent shift of the normal modes de-
tunings by 2g20 |�|2/⇥0, the stationary value of � is given
by the standard polynomial equation for weakly nonlin-
ear oscillations � = f/(�0+2g20 |�|2/⇥0+i⌅/2). It is well
known to have three solutions in a �-interval for f > fB ,
fB = [⇥0⌅3/(6

�
3g20)]

1/2.
In order to study the excitations of the manybody op-

tomechanical system and in particular the band struc-
ture, we linearize the Hamiltonian close to a stationary
solution. For a more compact notation from now on we
make the substitution (�⇤/|�|)(a0 �

�
N�) ⌅ a0 and

control laser
probe laser

Figure 1: Setup Figure
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Figure 2: Optomechanical band structure of a linear chain of
optomechanical cells. (a) Optomechanical interaction leads
to an avoided crossing of the optical and the mechanical
band. [Parameters: � = �0.85⌦, g = 0.157⌦,  = 0.1⌦,
� = 0.002⌦, J = 0.5⌦, K = 0.01⌦]

Figure 3: Dirac cones

(�⇤/|�|)ak ⌅ ak, b0�
�
N⇥ ⌅ b0 and �k+2g20 |�|2/⇥0 ⌅

�k so that

H ⇤
X

k

⇥kb
†
kbk ��ka

†
kak � g(a†k + a�k)(b

†
�k + bk) (2)

comment on the structure of the linearized Hamiltonian:
i) modes with equal or opposite momenta are coupled via
the zero momentum mode, ii) excitation can hop between
optical and mechanical modes with equal momentum, iii)
two mode squeezing of an optical and a mechanical mode
with opposite momentum, iv) in a lattice with a nontriv-
ial unit cell only modes belonging to the same band are

After linearizing the optomechanical interaction, and 
in a plane-wave basis:

phonon band photon band interaction

for Kagome: slightly more complicated 
(3 sites in unit cell, phases)
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