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Review: Integer Quantum Hall effect

VH = RHI

Robustness against disorder:

Standard for electrical conduction 

RH =
h

ne2

n

Is it possible to have similar effects for photons? 


Microwave : Haldane, Raghu (2008), Soljacic (2009) 


Optical domain: weak magneto-optic effect!




Synthetic Magnetic Field 
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Single-mode resonators: 
input-output formalism 
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Multi-mode regime: 
transfer matrix formalism 

L is the total length of the resonator.
: propagation losswave number:

Given a=1 and h=0, we can find (b, g)



Assume the coupling is weak:
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Desired Hamiltonian, without 
coupling waveguides:

With coupling waveguides:

From transfer matrix approach:
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Coupled Resonator Optical  
Waveguides (CROW) 

H
eff

= �â†
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    Tight-binding form:
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Anderson Localization in 1D
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â
x,y

e�i2⇡↵y + â†
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Quantum Spin Hall
Pseudo Spin       
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Adding spin-flip terms:

HSO ! S.L time-reversal invariance



Probing photonic system
• Probing allows us to perform a “spectroscopy” of photonic 

states


• Energy spectrum of an infinite tight-binding with uniform 
magnetic field is Hofstadter butterfly


• Torus boundary condition (10x10) can simulate an infinite system
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Edge states
• Finite system  has edges -> New states beside Hofstadter states  


• Quasi-one dimensional states that are localized at the perimeter of 
the system


•  Carry a chiral current

Ua†iai• Robust against non-magnetic impurities


• Current “gets around” the impurity rather than 
getting scattered in the opposite direction
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Experimental realization of the gauge field 

• Silicon-on-Insulator  
technology
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Observation of topological edge states
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Topological robustness of edge state 

Bulk state profile is 
extremely sensitive to 

frequency change.

U = 0.8J

�in = 0.45in

�J = 0.04J

�↵ = 2⇡0.08

� = 0.04J

frequency mismatch


loss rate inhomogeneity


coupling  inhomogeneity


magnetic field inhomogeneity


spin flip rate

• Edge states are observed over a broad band  
(15 GHz)


• Edge state is robust against intrinsic disorder and 
the propagation profile does not change 

0.1GHz apart
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Transport statistics

−4 −2 20 40

0.2

0.4

0.6

0.8

1

E/J

α

15x15 arrays

Different colors: different samples

S. Mittal, J. Fan, S. Faez, A. Migdall, J. M. Taylor, and M.H. 
Phys. Rev. Lett. 113, 087403 (2014)
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localization and level repulsion

diffusive:

localized:
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Asymmetricity and deviation of the 
peak from the mean indicates 

localization of bulk states
earlier work in 1D: 


Genack Nature (2000)

Texier & Comtet (1999)

S. Mittal, J. Fan, S. Faez, A. Migdall, J. M. Taylor, and M. H. 
Phys. Rev. Lett. 113, 087403 (2014)
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Recent publications exploring topological properties of light 

 
 
Fig. 1: Geometry and band structure of honeycomb photonic Floquet topological 
insulator lattice.  (a) Input facet of photonic lattice, honeycomb geometry with “zig-zag” 
edge terminations on the top and bottom, and “armchair” terminations on the left and 
right sides.  (b) Schematic diagram of the helical waveguides.  The waveguides are 
helical with their rotation axis in the z-direction, with radius R and pitch Z.   (c) Spatial 
band structure (β vs. (kx,ky)) for the case of non-helical waveguides comprising a 
honeycomb lattice (R=0). Note the band crossings at the Dirac point. (d) Spatial bulk 
band structure for the photonic topological insulator: helical waveguides with R=8µm 
arranged in a honeycomb lattice.  Note the band gap opening up at the Dirac points 
(labeled with the red, double-sided arrow), which corresponds to the band gap in a 
Floquet topological insulator.     
 
  

M. H. “Synthetic gauge fields with photons’’ Int. J. Mod. Phys. B 28, 1441002 (2014).
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FIG. 1: Real-space unit cell and reciprocal-space BZ of the 3D
DG PhC. a, Real space geometry in a bcc unit cell where a1 =
(−1,1,1) a2 , a2 = (1,−1,1) a2 and a3 = (1,1,−1) a2 . The two identi-
cal gyroid structures of red and blue colors are high refractive index
(n= 4) materials; they are inversion pairs of each other with respect
to the origin(o). An air sphere (r/a = 0.13) located at ( 14 ,−

1
8 ,
1
2 )a

breaks the inversion symmetry of the system. b, The BZ of the bcc
lattice. Weyl points and linear line-degeneracies of investigation in
this letter always lie in the green plane through the origin(Γ). Γ-N is
along [101] and Γ-H is along [010](ŷ). c, An air-isolated DG surface
can be formed by terminating the perturbed gyroid (red) but not the
other (blue). The SG PhC on the top has a large complete bandgap
as shown in Fig. 2a.

up. The three-fold degenerate point is well isolated in fre-
quency from other parts of the dispersion diagram of the DG
bandstructure, making it an ideal starting point for applying
symmetry-breaking perturbations.
The three-fold degeneracy of quadratic dispersions at Γ can

be lifted by breaking the I4132 space group without breaking
P or T symmetries. This is done by replacing a part of the gy-
roid material with two air-spheres (one on each gyroid). The
first air-sphere is placed in the red gyroid at ( 14 ,−

1
8 ,
1
2)a, as

illustrated in Fig. 1a; and the other is its inversion pair in the
blue gyroid (not illustrated in Fig. 1a). This perturbation lifts
the 5th band out of the three-fold degeneracy with the 3rd and
4th bands at Γ, as shown in Fig. 2b. The 4th and 5th bands
linearly cross each other, forming a closed line-degeneracy
around the Γ point in the Γ-N-P-H plane, inside an other-

wise complete frequency gap. It is worth pointing out that
this bandstructure, although not exhibiting Weyl points, is in-
teresting in itself in analogy to the line-node semimetals [23].
We show its flat surface dispersions towards the end of this
paper.
In what follows, we break the PT symmetry to obtain Weyl

points of photons for the first time. We start with the struc-
ture from Fig. 2a. First, we break P while preserving T. Since
T maps a Weyl point at k to −k with the same chirality, there
must exist at least two other Weyl points, both of opposite chi-
rality, to neutralize the whole system. So the minimal num-
ber of Weyl points in this case has to be four. We break P
by placing only one air sphere on one of the gyroids (but not
the other) at ( 14 ,−

1
8 ,
1
2 )a[34], as illustrated in Fig. 1(a). Un-

der this pure P-breaking perturbation[35], two pairs of Weyl
points, shown in Fig. 2c, emerge along Γ-N and Γ-H direc-
tions. The fact that all the Weyl points appear along high-
symmetry lines significantly simplifies the analysis. There are
no other states in the vicinity of the Weyl points’ frequencies.
Second, DC magnetic fields (B), along different directions,

are applied to the original DG PhC structure in Fig. 2a to
break the T while preserving P. We assume the high-index gy-
roid material is gyroelectric and use a generic model [24] to
describe its magnetic response. When B is along ẑ, we assume
the permittivity tensor takes the form of

ε(|B|) =

⎛

⎝

ε11(|B|) iε12(|B|) 0
−iε12(|B|) ε11(|B|) 0

0 0 ε

⎞

⎠ (1)

where det(ε(|B|)) = (ε211(|B|)−ε212(|B|))ε = ε3; this constant
determinant condition ensures the dispersions as a whole do
not move much in frequency with the external DC B fields.
The dimensionless effective magnetic field intensity is de-
fined as |B| ≡ ε12/ε in this paper. When B field is along
other directions, the corresponding ε tensor can be obtained
through coordinate transformations. (Note the T-breaking can
be equally well implemented via µ for gyromagnetic mate-
rials [25].) Under this pure T-breaking perturbation, only a
single pair of Weyl points emerges along the direction of the
magnetic field. This is the minimum number of Weyl points
that can exist under the inversion symmetry. These two Weyl
points are still frequency-degenerate: P maps a Weyl point at
k to −k with the opposite chirality. An example of this is
shown in Fig. 2d.
Third, we apply both P and T breaking perturbations at

the same time to observe the phase transitions between the
two(II) Weyl points in the pure T-breaking phase and the
four(IV) Weyl points in the pure P-breaking phase. Inter-
estingly enough, different magnetic field directions produce
strikingly different phase diagrams. When B is applied along
Γ-H, only two phases exist: the T-breaking dominated phase
(II) and the P-breaking dominated phase (IV). The pure P-
breaking phase, shown in the contour plot Fig. 2c, has four
Weyl points: two with positive chiralities along Γ-H and two
with negative chiralities along Γ-N. Applying magnetic field
along the Γ-H direction drives the two negative-chiralityWeyl

!

 
 

Following the same path for a |B� photon at site (0,0) results in |A��after a full loop. A change of 

basis to |↑,↓�= (|A�±i |B��/√2, reveals that after the same loop, |↑� becomes i|↑�, and |↓��

becomes -i|↓�, which is precisely the π/2 flux per plaquette that was sought. 
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Figure" 1: a. Circuit topological insulator schematic. At each lattice site, the two inductors “A” and “B” 
correspond to right and left circularly polarized spins. The inductors are capacitively coupled via the green 
boxes, where the symbol inside the box describes the braiding: 0 means a capacitive coupling between 
identical inductor components, and the π/2, π and 3π/2 correspond to couplings that either connect opposite 
ends of the same inductors, opposite inductors, or both. This labeling convention starts on the site more up- 
and left- ward. To understand the Berry phase we follow a photon around a single plaquette: (i) The photon 
begins on sublattice A of site (0,0). (ii) It is then coupled capacitively to (1,0), remaining on sublattice A. (iii) 
From here it is capacitively coupled to site (1,1) on inductor A, and to site (0,1), with a negative sign, onto 
sublattice B. It is finally coupled back to site (1,0), returning on sublattice B. b. Structure of the coupling 
elements between lattice sites.  The capacitive couplers, shown in the top row, connect the inductors on 
different lattice sites. The second row shows the topology of the corresponding electrical connections, and the 
third row shows the corresponding rotational transfer matrices. c. Band Structure of a Circuit TI. A strip of 
circuit TI of finite length with periodic boundary conditions in the transverse direction is numerically 
diagonalized, yielding massive bulk bands (gray), and spin-orbit-locked edge states (blue, red) that reside in 
the bulk gap. The purple edge modes are not topologically protected. The highest energy protected edge-
channel is localized to a single site along one direction, while the middle and lowest edge-channels are 
localized to two and three sites respectively. d. Photograph of Circuit Topological Insulator. The inductors 
(black cylinders) are coupled via the capacitors (blue); circuit topology is determined by the trace layout on 
the PCB (yellow). 
!
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(Δϕp) because of their different propagation constants. A second
modulator (right) couples light in the odd mode back into the even
mode, and light exiting the interferometer exhibits an interference
profile, as in the atomic version but now depending on cos(Δϕp).

We use the Ramsey-type interferometer to probe the phase and
break the reciprocity of light, thus inducing an effective magnetic
field. This is achieved if the two modulators have different phases
ϕL and ϕR (Fig. 1c). When inducing couplings, modulators impart
their phases on photons. With respect to the phase of the local oscil-
lator that drives the modulator, the imparted phase on photons is
negative (positive) if excitation (de-excitation) occurs1. If the
phases of both modulators are identical (Fig. 1b), then the total
imparted phases are cancelled. However, if the modulators have
different phases (Fig. 1c), these imparted phases are detected and
the transmission becomes direction dependent. When light enters
the interferometer from the left (right), the output of the interfe-
rometer is proportional to cos(Δϕp − ϕL + ϕR) (cos(Δϕp − ϕR + ϕL)).
The non-reciprocal transmission is a result of an effective magnetic
flux, where Bflux = ϕL − ϕR (ref. 1). We implement the photonic
Ramsey-type interferometer by using the supermodes (even and
odd modes) of a silicon coupled-waveguides structure. The mode
profiles are shown in Fig. 2a,b and the dimensions of the structure
in Fig. 2c. The modulators are formed by embedding pn and np
diodes in the waveguides (Fig. 2c). Figure 2d presents a top view
of the carrier distribution under an applied sinusoidal voltage
(red). The width of the depletion region (grey) changes as the
signal is applied, which induces a change in the refractive index of
the coupled waveguides22,23. The pn–np configuration18 ensures
that, at any instant in time, only one side of the coupled waveguides
experiences a depletion width change, which enables coupling
between the supermodes. Figure 2e presents an overview of the
interferometer. The two modulators are identical and only their
modulation phases are different (ϕR and ϕL). The length of each
modulator is 3.9 mm, which in simulation provides an equal prob-
ability (50%) of populating both the two supermodes. The gap of the

coupled waveguides varies along the interferometer. At the edges
where the modulators are located, this gap is 900 nm (to separate
the two supermodes in frequency by a few GHz in the optical
c-band; Supplementary Fig. 1). In the centre, the gap tapers (taper
length of 100 µm) down to 550 nm and remains at this for a distance
Lf such that the two supermodes experience different effective
indices Δneff , and the phase difference between the two supermodes
becomes Δk × Lf (Δk = 2πΔneff/λ and λ is the optical wavelength).
Here, Lf varies from 175 µm to 350 µm for different fabricated
devices. We also place multimode interference devices at each end
of the interferometer so that only the even mode enters and exits
the interferometer. A microscope image and a simulated power
distribution of the multimode interference are shown in Fig. 2e
(bottom images).

We experimentally observed non-reciprocal fringe patterns, indi-
cating the existence of an effective magnetic flux from 0 to 2π cor-
responding to a non-reciprocal 2π phase shift of 8.35 mm (length of
our interferometer) and a fringe extinction ratio of 2.4 dB. Figure 3a
shows the optical transmission of our devices when light is propa-
gating from left to right (L→ R) and right to left (R→ L). Two syn-
chronized sinusoidal radiofrequency signals are applied such that ϕL
and ϕR are correlated. We chose λ = 1,570 nm to match the modu-
lation frequency ( fM = 4 GHz) to the frequency difference between
the supermodes. As shown in Fig. 3a we see full periods of sinusoi-
dal optical transmissions (fringe patterns) as Δϕ (= ϕL − ϕR) varies
from 0 to 2π. The solid curves in Fig. 3a are the theory curve fits
(Supplementary Section II), all of which match the experiments
well. For all values of Lf we observe clear non-reciprocal
transmission, where the Δϕ that corresponds to the maximum
transmission for R→ L (ΔϕR→L) is different from that for L→ R
(ΔϕL→R). Figure 3b also shows a linear relationship between
|ΔϕR→L − ΔϕL→R| and Lf. This result is expected, because ΔϕR→L
and ΔϕL→R are both proportional to the phase difference between
the two supermodes, which is also proportional to Lf. The exper-
iments (circles) match the theory well (solid line), and the data all

500

Gap

p pn n 250

35

Units: nm

x

y

z

3 µm 

Lf

a

b

e

c

Gap = 900 nm

ϕL ϕR

d

p+ p+

t

x

p

n

0

V

+N

0

−N

Figure 2 | Ramsey-type interferometer design and fabrication. a,b, Simulated mode profiles for both the even mode (a) and the odd mode (b), which
coexist in a silicon coupled waveguide structure. c, Cross-sectional view of the coupled waveguides. A set of pn and np diodes is doped to modulate the
refractive index. d, Top view of carrier density (N) distribution in the coupled waveguide along the x-axis (slab omitted). The width of the depletion region
(grey) changes over time as a sinusoidal signal is applied to the diodes. The applied sinusoidal voltage V is shown in red. e, A photonic Ramsey
interferometer implemented as a silicon coupled-waveguide structure. Bottom: microscope image and simulated light transmission of a pair of multimode
interference devices located at the outer ends of the interferometer.

LETTERS NATURE PHOTONICS DOI: 10.1038/NPHOTON.2014.177

NATURE PHOTONICS | ADVANCE ONLINE PUBLICATION | www.nature.com/naturephotonics2

(DOS) is obtained by averaging the local density of states over all resonator positions. The
experimental setup and the tight-binding description of the microwave artificial graphene are
detailed in [31].

The paper is organized as follows. In section 2, we first focus on zigzag and bearded
boundary geometries. We show experimentally how uniaxial strain acts as a switch between
zigzag and bearded edge states. Based on a tight-binding analysis, a diagram of the existence of
edge states is theoretically proposed. We recall in section 3 the topological origin of the three
types of the considered edge states, namely zigzag, bearded and armchair. A geometrical
analysis in the k-space allows to predict the presence of edge states and their evolution under
strain. Section 4 is dedicated to armchair geometries. A quantitative experimental and
theoretical analysis is done. The existence of a new type of state, appearing at the intersection of
two type of edges, namely the corner state, is eventually discussed.

2. Zigzag and bearded edges in honeycomb lattice under uniaxial strain

The lattice presented in figure 1(a) exhibits three different edges: armchair, zigzag and bearded.
We will consider ribbons uniaxially strained along one lattice axis (horizontal direction in
figures 2 and 6) where the strain changes one of the three nearest-neighbor couplings only. The
modified coupling is denoted by ′t and the anisotropy parameter by β = ′t t. Armchair edges
are along the strain axis and consequently will not support any edge state whatever the
anisotropy as will be discussed in section 3. Figure 1(b) shows a typical DOS measured in an
unstrained ribbon, i.e. β = 1. The Dirac frequency νD is obtained by following the procedure
described in [31] and defines the frequency origin. The peak observed at the origin corresponds
to ‘zero-energy’ modes in the condensed-matter context; we will call them ’zero-modes’ in the
following. Experimentally, we can extract the intensity distributions by means of reflection
measurements (see [31] for details). Figure 2 shows the intensities of the wavefunctions
associated to zero-modes for different values of β: the zero-modes are all located along edges. In
the case of the unstrained lattice β = 1, figure 2(b), the intensity is clearly distributed along both
zigzag and bearded boundaries. Then, the anisotropy parameter β controls the relative weight
between the two types of zero-modes. For β = 0.4 (figure 2(a)), bearded edges are dominant
whereas they are totally absent for β = 2.5 where only the zigzag edge is illuminated

Figure 1. (a) Picture of an unstrained artificial graphene ribbon with zigzag, bearded and
armchair edges. The lattice constant is 15mm. (b) Corresponding experimental density
of states (DOS). The arrow indicates the zero-modes appearing at the Dirac frequency
νD.
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